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With the arrival of the era of gravitational wave astronomy, the strong gravitational field regime
will be explored soon in various aspects. In this article, we provide a general review over cylindrical
systems in Einstein’s theory of general relativity. In particular, we first review the general prop-
erties, both local and global, of several important solutions of Einstein’s field equations, including
the Levi-Civita and Lewis solutions and their extensions to include the cosmological constant and
matter fields, and pay particular attention to properties that represent the generic features of the
theory, such as the formation of the observed extragalactic jets and gravitational Faraday rota-
tion. We also review studies of cylindrical wormholes, gravitational collapse and Hoop conjecture,
and polarizations of gravitational waves. In addition, by rigorously defining cylindrically symmetric
spacetimes, we clarify various (incorrect) claims existing in the literature, regarding to the generality
of such spacetimes.
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I. INTRODUCTION
The investigations of cylindrically symmetric space-
times can be traced back as far as to 1919 when Levi-
Civita (LC) discovered a class of solutions of Einstein’s
vacuum field equations, corresponding to static cylindri-
cal spacetimes [218]. The extension of the LC space-
times to stationary ones was obtained independently by
Lanczos in 1924 [213] and Lewis in 1932 [219]. In 1925,
Beck studied a class of exact solutions and interpreted
them as representing the propagation of cylindrical grav-
itational waves (GWs) [24]. This class of solutions was
later rediscovered by Einstein and Rosen in their seminal
work on the studies of the nonlinearity of GWs in 1937
[137], and in the same year van Stockum solved the prob-
lem of a rigidly rotating infinitely long cylinder of dust,
and found explicitly the corresponding metric [308]. In
1957, Bonnor [43] and Weber and Wheeler [327] studied
the Einstein-Rosen waves in great detials, and since then,
cylindrically symmetric spacetimes have been extensively
investigated with various motivations [167, 294].
In particular, to understand some fundamental issues
in general relativity (GR), such as the structure of the
theory [241], the nature and formation of spacetime sin-
gularities [177], the cosmic censorship [257] and hoop
[302] conjectures, one often assumes certain symmetries
of spacetimes, because Einstien’s field equations are in
general so complicated that it is extremely difficult to
study them in their most general form, especially in the
times when computers had not been available. In fact,
even now it is still very difficult to study spacetimes with
only one Killing vector (both analytically and numeri-
cally). Therefore, the next step is naturally to consider
spacetimes with two Killing vectors, which include cylin-
drically symmetric spacetimes [167, 294].
The studies of cylindrically symmetric spacetimes were
further motivated by topological defects discovered in
1976 by Kibble [202, 203], which include cosmic strings,
and the latter were once believed to provide a mechanism
to produce the cosmic microwave background (CMB) and
large-scale structure observed in our universe [108, 309].
However, observations of CMB have ruled out cosmic
strings, formed in the context of symmetry breaking in
grand unified theories (GUT’s), as the sources of the
cosmological perturbations [26, 289, 291], and led to an
upper bound, Gµ/c2 . 10−7 [7], where µ denotes the
string’s tension, and G and c are, respectively, the New-
tonian constant and the speed of light in vacuum. The
string tension is intimately related to the energy E of the
phase transition,
Gµ
c2
= O
(
E2
M2pl
)
, (1.1)
where Mpl
(
≡√~c/G) denotes the Planck mass. Cur-
rently, the strongest constraint Gµ/c2 . 10−11 comes
from the analysis of stochastic GW background, expected
from cosmic strings with the latest pulsar timing arrays
[38].
Recently, the subject has attracted further attention
in the framework of string/M-Theory, the so-called cos-
mic superstrings [109, 132], which were formed before
inflation took place and stretched to macroscopic length
scales in the inflationary phase. During the subsequent
epochs, a complicated network of various string elements
forms [99, 100, 306]. The main phenomenological con-
sequence of a string network is the emission of GWs
[1, 3, 36, 55, 115–117, 252, 267, 269, 274, 295, 307]. It
can generate bursts at cusps, kinks and junctions, as well
as a stochastic GW background. Low tension strings are
natural in string/M-Theory, and can easily satisfy the
observational bounds given above [98].
3With the observations of the 11 GWs [4], lately the
studies of GW phenomena have attracted a great deal of
attention, including their nonlinear properties, such as
memory effects [10, 35, 37, 41, 42, 53, 54, 104, 171, 176,
230, 290, 303, 325, 335, 337, 338]. Such effects might
be possibly detected by the Laser Interferometer Space
Antenna (LISA) [142].
From these observations, another important result is
that the individual masses of such observed black hole-
black hole (BBHs) binaries can be much larger than what
were expected previously both theoretically and observa-
tionally [141, 149, 254], and various scenarios have been
proposed [2, 326]. For such massive binary systems, their
mHz emission of GWs from the early inspiral phase is
strong enough to be visible to space-borne detectors, such
as LISA [118], TianQin [225] and Taiji [271], for several
years prior to their coalescence [279]. In fact, because of
the poor constraints on the rates and the standard as-
sumption of 10 solar mass objects, BBHs had never been
considered as particularly interesting sources of space-
borne detectors, and multi-band GW observations had
been only proposed in the context of seed or interme-
diate mass BBHs [9, 278]. But, now analysis of the
BBH population as constrained by current LIGO/Virgo
demonstrated that such space-borne detectors can see
thousands of such systems, with a variety of profound
scientific consequences. In particular, observations of the
same signal in two different detectors provides an efficient
independent way to cross check and validate the instru-
ments, which is particularly valuable for a space-based
detector.
More important, multi-band detections will enhance
the potential of gravity tests in the strong, dynamical
field regime of merging BBHs. Massive systems will
be observed by ground based detectors with high merg-
ing signal/noise rates, after being tracked for years by
space-borne detectors in their inspiral phase. The two
portions of signal can be combined to push the search
for deviations from GR. In particular, joint observa-
tions of BBHs with a total mass larger than ∼ 60 solar
masses by LIGO/Virgo and space-borne detectors can
potentially improve current bounds on dipole emission
from BBHs by more than six orders of magnitude [18],
which will impose sever constraints on various theories
of gravity [30, 111]. These include scalar-tensor theo-
ries [90, 110, 192, 195, 334, 339], screened modified grav-
ity [222, 340, 341], Einstein-dilaton Gauss-Bonnet grav-
ity [333], Einstein-aether theory [163, 220, 345], theories
with parity violations [265, 343, 344]. For more details,
we refer readers to the review articles [31, 32].
These studies recently have gained additional mo-
menta, due to the close relations between asymptotically
symmetric theorems of soft gravitons and GW memory
[178, 296]. Such studies in general have been carried out
in spacetimes with plane symmetry, but to shed some
new light on the nonlinear effects, recently cylindrically
GWs have been also studied [240].
Along the above direction, another interesting phe-
nomenon related to the nonlinear properties of GWs is
the gravitational Faraday rotation, first discovered by Pi-
ran, Safier and Stark [263, 264], and later generalized
to spacetimes with plane symmetry [313, 314, 320]. It
was found that the polarizations of one GW can be ro-
tated by the other, due to their nonlinear interaction, an
analogue of the electromagnetic Faraday rotation. Since
then, detailed studies of gravitational Faraday rotation
have been carried out in various situations, including
Einstein-Maxwell waves [13], rotating cylindrical GWs
[259], and more recently, cylindrical gravitational soliton
waves [305].
A. Cylindrically symmetric spacetimes
It is interesting to note that, despite the extensive
studies of cylindrical spacetimes in the past several
decades, in the literature there still exist confusions in
the definition of cylindrically symmetric spacetimes and
(wrong/false) claims. A reason for that is probably con-
nected with different kinds of evolutions that remain
cylindrical symmetry: motions around and along the
symmetry axis. In both cases the velocities of these mo-
tions may depend on the radial coordinate in an arbitrary
manner.
For example, it has been claimed by various authors
that the Kompaneets-Jordan-Ehlers-Kundt (KJEK)
metric [197, 206],
ds2 = e2(γ−ψ)
(
dt2 − dr2)− e2ψ (dz + ωdφ)2
−W 2e−2ψdφ2, (1.2)
is the most general form that describes cylindrically sym-
metric spacetimes, where γ, ψ, ω and W are functions of
t and r only. However, it is clear that this metric does not
include the rotating cylindrical GW spacetimes studied
by Mashhoon and Quevedo (MQ) [233, 234, 266],
ds2 = e2(γ−ψ)
(
dt2 − dr2)−W 2e−2ψ (dφ+ ωdt)2
−e2ψdz2. (1.3)
To clarify these issues, it is necessary first to give a
rigorous definition of cylindrically symmetric spacetimes.
Unfortunately, this inevitably involves the introduction
of some rather abstract group theory and and in certain
sense complicated geometric conceptions. For the sake
of reader’s convenience, in the following we shall carry
this out in several steps. In doing so, it will become clear
that both of the above metrics describe spacetimes with
cylindrical symmetry, and that none of them actually
represents the most general metric of cylindrical space-
times. In particular, to obtain metric (1.2), an additional
condition that the two-dimensional abelian Lie group G2
acts orthogonally transitively must be imposed 1, in ad-
1 For the definition of a Lie group Gn, see, for example, [8, 294]
4dition to the general definition of cylindrically symmetric
spacetimes, while in metric (1.3) such an assumption is
left out, but with other further constraints.
To show the above claims clearly, let us start with the
definition of the cyclical symmetry.
Definition 1. A spacetime (M, g) is said to have a
cyclical symmetry, if and only if the metric is invariant
under the effective smooth action SO(2) ×M → M of
the one-parameter cyclic group SO(2) [93].
Definition 2. A cyclically symmetric spacetime is
said to be axially symmetric, if the set of fixed points
(i.e., points that remain invariant under the action of the
group) of the isometry is not empty. The set of fixed
points is referred to as the symmetry axis [92].
Note that Definition 2 implicitly assumes that there
exists at least one fixed point in (M, g). It can be shown
that the set of fixed points must be an autoparallel, two-
dimensional timelike surface [93, 232]. Furthermore, the
infinitesimal generator ξα of the axial symmetry is space-
like in a neighborhood of the axis, and that the so-called
elementary flatness condition holds [232],
X,αX,βg
αβ
4X
→ −1, (1.4)
as r → 0+, which ensures the standard 2pi-periodicity of
the axial coordinate near the axis, where r = 0 denotes
the location of the axis,
X ≡ |ξαξα|r→0+ → 0, (1.5)
and ( ),α ≡ ∂/∂xα. Note that in this paper we shall adopt
the conversions: Greek letters run from 0 to 3 (µ, ν, ... =
0, 1, 2, 3); Latin letters run from 1 to 3 (i, j, ... = 1, 2, 3);
and repeated indices represent sum over their individual
domains.
To define the cylindrical symmetry, in addition to ξ
we assume that the spactime (M, g) contains another
spacelike Killing vector η, which generates together with
ξ a G2 group. Then, one can prove the following:
Proposition 1. In an axially symmetric spacetime,
in addition to ξ if there is another Killing vector η,
then both Killing vectors commute, thus generating an
Abelian G2 group [92].
With the above, we are ready to define cylindrically
symmetric spacetimes.
Definition 3. A spacetime (M, g) is cylindrically
symmetric if and only if it admits a G2 on S2 group of
isometries containing an axial symmetry [92].
As mentioned above, the assumption on the existence
of two-surfaces orthogonal to the group orbits is not nec-
essary for the definition of cylindrical symmetry nor a
consequence of it, but the existence of an axis is essential.
So, in the above definition, the orthogonal transitivity is
removed, and the line-element of cylindrically symmetric
spacetimes is provided in the following theorem [311].
Theorem 1. Suppose that a spacetime admits two
spacelike commuting Killing vector fields ξ and η. Let
u be a hypersurface-orthogonal timelike vector field of
unit length, which is orthogonal to ξ and η. Then,
there exist local coordinates (t, x, y, z), such that u =
N−1(t, x)∂t, uαdxα = N(t, x)dt, ξ = ∂y, η = ∂z, and
ds2 = N2(t, x)dt2 − gij(t, x)dxidxj
= e2kdt2 − e2hdx2 −W 2
[
f (dy + w1dz + w2dx)
2
+f−1 (dz + w3dx)
2
]
, (1.6)
where k, h, W, f and wi are all functions of t and x
only. It can be shown that this metric includes both
metric (1.2) and metric (1.3) as its particular cases.
In particular, when G2 acts orthogonally transitively,
we have w2 = w3 = 0, and then (1.6) reduces to
ds2 = e2kdt2 − e2hdx2
−W 2
[
f (dz + w1dφ)
2
+ f−1dφ2
]
.
(1.7)
Note that in writing the above expression, we had made
the replacement (y, z)→ (z, φ). Clearly, the two-surfaces
of t, x = const. is gauge-invariant under the coordinate
transformations,
t = f(t′, r), x = g(t′, r), (1.8)
where f(t′, r) and g(t′, r) are arbitrary functions of their
indicated arguments. Then, using this freedom, we can
always set gt′t′ = −grr and gt′r = 0, so the resulted
metric takes precisely the form of (1.2). In this case, there
exists a general no-go theorem regarding the existence of
black holes [319].
Theorem 2. Let (M, g) be a four-dimensional Rie-
mannian spacetime obeying Einstein’s field equations,
Rµν − (R/2)gµν − Λgµν = κTµν , coupled with a cosmo-
logical constant Λ. Assume that the spacetime possesses
two commuting spacelike orthogonally transitive Killing
vectors ξ and η. Then, (M, g) contains neither outer
nor degenerate apparent horizons, if matter satisfies the
dominant energy condition and Λ > 0.
Note that when Λ = 0, only the existence of outer ap-
parent horizons is excluded. Thus, in this case only de-
generate apparent horizons are allowed. However, when
Λ < 0, both outer and degenerate apparent horizons can
exist. This explains why all the topological black holes
found so far are with Λ ≤ 0. For more details, we refer
readers to [319], and for a concrete example, see [318].
In addition, the above theorem does not require any of
the orbits of the two spacelike Killing vectors be closed.
As a result, the theorem can be equally applied to plane
symmetric spacetimes [166, 320].
When G2 acts non-orthogonally transitively, but one
of the two Killing vectors is hypersurface-orthogonal, the
corresponding line-element can be obtained from (1.6)
by setting either w1 = w2 = 0 or w1 = w3 = 0, which is
referred to as the A(ii) class of solutions in [311], while
the metric (1.7) is classified as the B(i) class of solutions.
In the current case, without loss of the generality, we only
5consider the case w1 = w2 = 0, with which the metric
(1.6) reduces to
ds2 = e2kdt2 − e2hdx2
−W 2
[
fdy2 + f−1 (dz + w3dx)
2
]
.
(1.9)
Making the coordinate transformations (1.8) and using
the gauge freedom, we can always set gt′r = gzr = 0, so
the resulted metric takes the form,
ds2 = e2kdt2 − e2hdr2
−W 2
[
fdz2 + f−1 (dφ+ w3dt)
2
]
, (1.10)
after the replacement, (y, z)→ (z, φ). Clearly, the above
metric reduces to the MQ metric (1.3) when k = h 2.
A class of solutions of this metric was studied recently
by Chicone, Mashhoon and Santos for gravitomagnetic
accelerators [101, 102, 235].
When G2 acts orthogonally transitively, and both ξ
and η are hypersurface-orthogonal and mutually orthog-
onal, the corresponding spacetimes are described by met-
ric (1.6) with w1 = w2 = w3 = 0, and with the gauge
freedom (1.8), the metric can be further written as
ds2 = e2k
(
dt2 − dr2)−W 2 (fdz2 + f−1dφ2) . (1.11)
This is referred to as the B(ii) class of solutions in [311]
and represents the Einstein-Rosen (ER) cylindrical GWs
[137], which are linearly polarized, that is, only the “+”
polarization exists [166].
It should be noted that in spacetimes with cylindrical
symmetry, closed timelike curves (CTC’s) can be easily
formed. To guarantee their absence, one usually also
imposes that the condition,
ξαξα < 0, (1.12)
holds in the whole spacetime.
In addition, sometimes it is also required that the
spacetime be asymptotically flat in the radial direction,
especially for the cases in which the sources are confined
within a finite region [29].
Finally, we note that there are physically realistic situ-
ations where an axis may not exist, as it may be singular
and so not part of the manifold, or the topology of the
manifold may be such that no axis exists. Barnes noted
[20] that in this case the requirement of the existence of
an axis in Proposition 1 can be removed and the following
holds (See also [34] and the footnote given in [20]).
Proposition 2. Any two-dimensional Lie transfor-
mation group that contains a one-dimensional subgroup
whose orbits are circles must be Abelian.
2 Note that in the 2-surfaces of z, φ = const., we can always
use the gauge freedom (1.8) to write the reduced metric in
the conformally-flat form, e2k
(
dt2 − dr2). But, now the sec-
ond part of the metric (1.10) will in general take the form,
W 2
[
fdz2 + f−1 (dφ+ w2dr + w3dt)2
]
.
B. Einstein’s field equations
The world constructed by Newton to describe his the-
ory of gravitation had much simplicity: Space is always
equal to itself where particles move and act upon each
other. Furthermore, the gravitational effects propagate
with an infinitely large velocity. This concept of space
sounded not plausible to Einstein and he came with the
brilliant idea that space is the gravitational field mean-
ing the Newton space itself [270]. This needed a better
formulation of the field equations. Einstein, after a long
struggle, found that the Riemann geometry, first pro-
posed by Gauss and then generalized to any dimensions
by Riemann, could properly describe the curvature of
space produced by different matter distributions. By do-
ing this Einstein managed to express the gravitational
field equations in an arbitrary coordinate system.
In Riemann’s geometry the parallel transport of a vec-
tor is proportional to its curvature which is described by
a quantity called the Riemann curvature tensor Rαβγδ.
The justification of calling it curvature lies in the fact
that it vanishes if and only if the space is flat.
Einstein [136] derived the field equations in the year
1915 which are given by 3,
Rαβ − 1
2
Rgαβ = κTαβ . (1.13)
They show how the space curvature, represented by the
Ricci tensor Rαβ = R
γ
αγβ and its scalar R = g
αβRαβ ,
are brought about by the source of curvature, the matter
distribution given by the energy momentum tensor Tαβ .
In fact not only space curves but time as well and for this
reason we call spacetime where Einstein field equations
dwell. The coupling constant κ in normalized units, the
velocity of light c = 1 and the Newton’s constant G = 1,
values κ ≡ 8piG/c4 = 8pi. This system of equations,
called Einstein’s field equations, constitutes a set of 10
partial differential equations with respect to the metric
gαβ . In the vacuum case where Tαβ = 0, These equations
reduce to
Rαβ = 0. (1.14)
When spacetime is deprived of sources producing grav-
itational fields, and thereby producing curvature, the
spacetime is flat and given by the metric ηαβ , called
Minkowski metric,
ds2 = ηαβdx
αdxβ = dt2 − dx2 − dy2 − dz2, (1.15)
with t being the time coordinate and x, y and z the Carte-
sian coordinates. Hence, the Newtonian limit, which one
3 In this review, we shall adopt the conventions of [128]. In partic-
ular, the signature of the metric will be (+,−,−,−), and when
the cosmological constant Λ does not vanish, Einstein’s equations
read, Rαβ − 12Rgαβ − Λgαβ = κTαβ .
6expects to be obtained from Einstein field equations, is
produced when the metric is given by
gαβ = ηαβ + fαβ , (1.16)
with fαβ being a small deviation from the Minkowski
spacetime.
In this paper, we shall present an updated review on
cylindrically symmetric spacetimes. However, due to the
vast scope of the field carried out in the past several
decades and the limitation of the scope of the review, it
is impossible to cover all the subjects studied so far. So,
one way or another one has to make a choice on which
subjects that should be included in a brief review, like the
current one. Such a choice clearly contains the review-
ers’ bias. In addition, in this review we do not intend
to exhaust all the relevant articles even within the cho-
sen subjects, as in the information era, one can easily
find them, for example, from the list of the citations of
relevant articles. With all these in mind, we would like
first to offer our sincere thanks and apologies to whom
his/her work is not mentioned in this review. In addi-
tion, there have already existed two excellent books to
cover the subjects extensively [167, 294] and a brief re-
view on gravitational collapse in cylindrically symmetric
spacetimes [237].
The rest of article is organized as follows: In the next
four sections, we shall review the general properties, both
local and global, and possible sources of the Levi-Civita
solution (Sec. 2), coupled with an electromagnetic field
(Sec. 3), with a cosmological constant (Sec. 4), or with
a perfect fluid (Sec. 5). Then, in the next two sections,
we shall provide a general review on the Lewis vacuum
solution (Sec. 6), and its generalization to include a cos-
mological constant (Sec. 7). Finally, In Secs. 8 and
9, we shall provide a review on wormholes, gravitational
collapse, polarizations of cylindrical GWs and gravita-
tional Faraday rotations. An appendix is also included,
in which Einstein’s field equations of static cylindrical
spacetimes are presented.
II. LEVI-CIVITA (LC) VACUUM SPACETIME
Einstein’s field equations (1.13) are highly nonlinear
thus imposing huge difficulties in finding their solutions.
Furthermore, once found their solutions, even more diffi-
culties arise in interpreting them. In spite of great efforts
to grasp their physical meanings, as is well shown in [293]
and [167], the majority or even almost the totality of
these solutions are still not well understood given their
high nonlinearity. A simple example like the spherical
vacuum field for a point mass, presented below, which is
perhaps the solution most studied in GR, still bears weird
and unexpected properties as we will see in the following
by studying cylindrically symmetric vacuum fields.
Schwarzschild [276] in 1916 obtained the first vacuum
solution to (1.14), describing the spherically symmetric
vacuum field with the following line element ds,
ds2 = gαβdx
αdxβ =
(
1− 2M
r
)
dt2
−
(
1− 2M
r
)−1
dr2 − r2(dθ2 + sin2 θdφ2),(2.1)
where the spherical coordinates are numbered x0 = t,
x1 = r, x2 = θ and x3 = φ. In the Newtonian approxi-
mation (2.1) becomes
g00 = 1 + 2U, (2.2)
where U is the Newtonian potential and comparing to
(2.1) we have
U = −M
r
, (2.3)
hence the only parameter stemming from the integration
of the field equations for a spherically symmetric vacuum
spacetime is the Newtonian mass M .
A. LC solutions
The second vacuum solution of Einstein field equations
(1.14) was obtained a few years later, in 1919 by LC
[218], corresponding to a cylindrical vacuum spacetime,
and can be cast in the form [Cf. Appendix A],
ds2 = ρ4σdt2 − ρ4σ(2σ−1)(dρ2 + dz2)− 1
a
ρ2(1−2σ)dφ2,
(2.4)
where the cylindrical coordinates are numbered x0 = t,
x1 = ρ, x2 = z and x3 = φ. In the Newtonian approxi-
mation, correspondingly to (2.2) we have,
g00 = e
2U , (2.5)
and compared to (2.4) for this case we have the Newto-
nian potential,
U = 2σ ln ρ. (2.6)
Hence, from this expression we clearly see that for small
values of σ it is the Newtonian mass per unit length as
produced by an infinitely long homogeneous line mass, as
observed by LC himself. Ever since much has been writ-
ten by researchers trying to grasp its physical and geo-
metrical interpretations. However, this endeavor proved
to be difficult and uncertain.
Only in 1958 did Marder [231] established that the so-
lution (2.4) contains two arbitrary independent parame-
ters, σ and a, differently from the Newtonian fields in
wich there is only one independent parameter σ. We also
call the attention that for the spherical case in the rel-
ativistic and Newtonian theories there appears just one
parameter. This fact already suggests some harder diffi-
culties in understanding cylindrically symmetric fields.
7In the Newtonian approximation the parameter a is as-
sociated with the constant arbitrary potential that exists
in the Newtonian solution, and can be given any value.
However, in GR Bonnor [45] observed that a is dressed
with a relevant global topological meaning, and cannot
be removed by coordinate transformations.
In the following we review the main properties and
physics that lie behind the LC spacetime, which so far
have been grasped up to the present time in a large num-
ber of papers. We are aware that these results sometimes
appear contradictory since some interpretations collide
with others. In fact this is one of our main motivations
to deepen into Einstein’s theory.
B. Nature of the coordinates of the LC solutions
The LC metric given by (2.4) can be written in the
form [186]
ds2 = ρ4σdt2 − ρ4σ(2σ−1)
(
dρ2 +
1
am
dm2
)
− 1
an
ρ2(1−2σ)dn2, (2.7)
where −∞ < t <∞ is the time and 0 ≤ ρ <∞ the radial
coordinates, and σ, am and an are constants. The nature
of the coordinates m and n, so far unspecified, depends
upon the behaviour of the metric coefficients. Either am
or an can be transformed away by a scale transformation
depending upon the behaviour of the coordinates m and
n, thus leaving the metric with only two independent
parameters. In order to find that behaviour we transform
the radius ρ into a proper length radial coordinate r by
defining
ρ2σ(2σ−1)dρ = dr, (2.8)
thus obtaining
ρ = R
1
Σ , R = Σr, Σ ≡ 4σ2 − 2σ + 1, (2.9)
and metric (2.7) becomes
ds2 = f(r)dt2 − dr2 − h(r)dm2 − l(r)dn2, (2.10)
with
f(r) = R
4σ
Σ , h(r) =
1
am
R
4σ(2σ−1)
Σ , l(r) =
1
an
R
2(1−2σ)
Σ .
(2.11)
Consider 0 < σ < 1/2, which implies for this range
h(r) diverging when r → 0 and l(0) = 0. Then we can
interpret m as the axial coordinate −∞ < z < ∞ with
am = 1 by rescaling z, and n as the angular coordinate φ
with the topological identification of every φ with φ+2pi,
and the metric (2.10) becomes
ds2 = R
4σ
Σ dt2 − dr2 −R− 4σ(1−2σ)Σ dz2 − 1
a
R
2(1−2σ)
Σ dφ2,
(2.12)
where an is replaced by a.
Consider 1/2 < σ < ∞, which implies h(0) = 0 and
l(r) diverging when r → 0. Then we can interpret m as
the angular coordinate φ with topological identification
of every φ with φ + 2pi, and n as an axial coordinate
−∞ < z < ∞ with an = 1 by again rescaling z, and
(2.10) becomes
ds2 = R
4σ
Σ dt2 − dr2 −R− 2(2σ−1)Σ dz2 − 1
a
R
4σ(2σ−1)
Σ dφ2,
(2.13)
where we replaced am for a.
In both cases (2.12) and (2.13) where σ > 0 we have
g00 → 0 as r → 0, indicating an attractive singularity.
While assuming σ < 0, we obtain g00 → ∞ as r → 0,
indicating a repulsive singularity.
The invariant quantity, under coordinate transforma-
tions, built out of the Riemann curvature tensor given
by R ≡ RαβγδRαβγδ, called the Kretschmann scalar, is a
good indicator of singularities. Calculating R for metrics
(2.12) and (2.13) we obtain
R = 64σ
2(2σ − 1)2
Σ3r4
. (2.14)
From (2.14) we see that R → ∞ as r → 0, and R → 0
for σ = 0, 1/2 and ∞.
Metric (2.12) for σ = 0 becomes
ds2 = dt2 − dr2 − dz2 − 1
a
r2dφ2, (2.15)
representing the Minkowski spacetime when a = 1 in
cylindrical polar coordinates r, z and φ. However, if
(2.15) has a > 1 there is an angle deficit 2piδ given by
δ = 1 − 1/√a, producing flat spacetime everywhere ex-
cept along the axis r = 0, which is interpreted as a cos-
mic string. The deficit can represent the tension of the
string with mass per unit length µ given by µ = δ/4. If
there is an angle excess a < 1 it would represent a cos-
mic string under compression with µ < 0. Hence the
constant a is directly linked to the gravitational ana-
log of Aharonov-Bohm effect [133]. This effect shows
that gravitation depends on the topological structure of
spacetime giving rise to an angular deficit δ as in the elec-
tromagnetic Aharonov-Bohm effect, where a (classical)
non-observable quantity (the vector potential) becomes
observable (part of it) through a quantum non-local ef-
fect. Its gravitational analog allows a (Newtonian) non-
observable quantity (the additional constant to the New-
tonian potential) to become observable in the relativistic
theory through the angular deficit in strings. For a re-
view in cosmic strings see [189].
In the case σ = 1/2 the two metric coefficients h and l
in (2.11) are constants, so both am and an can be set to
unity. Then neither m nor n is entitled to be an angular
coordinate, and the three coordinates r, m and n are
better visualized as Cartesian coordinates x, y and z.
Hence metric (2.7) can be written as
ds2 = z2dt2 − dx2 − dy2 − dz2, (2.16)
8which is the static plane symmetric vacuum spacetime
obtained by Rindler [125, 169, 268].
In the next section we calculate the circular geodesics
for the above spacetime to try to get further understand-
ing of the properties of different values that σ can attain
for σ ≥ 0, since σ < 0 would in some way correspond to
negative mass densities.
C. Geodesics
For the metrics (2.12) and (2.13) the circular geodesics
[121] have r˙ = z˙ = 0 and gtt,r t˙
2 + gφφ,rφ˙
2 = 0, where the
dot stands for differentiation with respect to the affine
parameter s. The geodesic angular velocity is defined by
ω = φ˙/t˙, and the only nonzero component of its velocity
is the tangential one, given by Wφ = ω/
√
g
tt
with its
modulus defined by W 2 ≡WαWα 4 [184].
In the case 0 ≤ σ < 1/2, from (2.12) we obtain
ω2 =
2σ
1− 2σaR
2(4σ−1)/Σ, (2.17)
W 2 =
2σ
1− 2σ . (2.18)
We note that for a given σ the velocity W in (2.18) is
the same for all circular geodesics, in agreement with the
corresponding Newtonian gravitation. Furthermore, we
see that W increases monotonically with σ, that is from
σ = 0 producing W = 0, to σ = 1/4 attaining W = 1, the
speed of light, and finally σ = 1/2 producing geodesics
with W = ∞. For small σ and a = 1 from (2.17) and
(2.18) we obtain the Newtonian limit W = rω.
In the case 1/2 < σ <∞, from (2.13) we obtain
ω2 =
1
2σ − 1aR
8σ(1−σ)/Σ, (2.19)
W 2 =
1
2σ − 1 . (2.20)
With σ increasing beyond 1/2, we note from (2.20) that
W diminishes, attaining W = 1 for σ = 1 and W = 0 for
σ =∞.
In other words, the circular geodesics are timelike when
either 0 < σ < 1/4 or σ > 1, are lightlike when σ = 1/4
or 1, and are spacelike when 1/4 < σ < 1.
If we redefine σ by
σ =
1
4σ¯
, (2.21)
then metric (2.13) with a rescaling of its coordinates be-
comes (2.12), hence (2.19) and (2.20) reduce to (2.17)
and (2.18). This means that the parameter range 1/2 <
4 This W is different from the one appearing in the metric (1.2)
or that in (1.3).
σ < ∞ is equivalent to the range 0 < σ < 1/2 and the
coordinates z and φ switching their nature.
Hence we might have the following picture for the dif-
ferent values of σ. For small values of σ the metric (2.12)
with t and r constants describes cylindrical surfaces with
φ a periodic coordinate. As σ increases the cylindrical
surfaces open out and become infinite planes for σ = 1/2.
For values of σ bigger that 1/2 the coordinate z becomes
periodic forming new cylindrical surfaces perpendicular
to previous ones for 0 < σ < 1/2.
Another interesting geodesic is the one that describes
the motion of the particle along the axis of symmetry
z. These geodesics calculated with (2.12) (we restrict
the calculation of this metric since (2.17) is equivalent)
produce
z¨ =
4σ(1− 2σ)
Σ
r˙z˙
r
. (2.22)
It means that particles increase their speed along z when
distancing radially from the axis, while diminishing their
axial speed when moving radially towards the axis. This
result indicates that a force parallel to the z axis appears.
In the flat case σ = 0 such an effect vanishes, bring-
ing out its non-Newtonian nature. We further discuss
this weird geodesic property in the section concerning
the Lewis spacetime.
For radial geodesics it has been shown [184] that there
exist timelike particles approaching z that are reflected
at r = rmin and move outwards until attaining r˙ = 0 at
rmax repeating endlessly this trajectory. This motion is
called confinement of test particles.
In the next section we see some further limits that LC
metric satisfies.
D. LC spacetime as a limiting case of the γ
spacetime
In cylindrical coordinates, static axisymmetric solu-
tions of Einstein’s vaccuum equations are given by the
Weyl metric [328]
ds2 = e2λdt2 − e−2λ [e2µ(dρ2 + dz2) + ρ2dφ2] , (2.23)
with λ(ρ, z) and µ(ρ, z) satisfying
λ,ρρ +
1
ρ
λ,ρ + λ,zz = 0, (2.24)
and
µ,ρ = ρ(λ
2
,ρ − λ2,z), (2.25)
µ,z = 2ρλ,ρλ,z, (2.26)
where the comma stands for partial derivation. Synge
writes [297], as the most amazing fact, that (2.24) is just
the Laplace equation for λ in the Euclidean space. Met-
ric (2.23) with the general solution of (2.24), (2.25) and
9(2.26) is usually referred to as the γ metric, and the cor-
responding functions λ and µ are given by
e2λ =
(
R+ +R− − 2m
R+ +R− + 2m
)γ
, (2.27)
e2µ =
[
(R+ +R− + 2m)(R+ +R− − 2m)
4R+R−
]γ2
, (2.28)
where
R2± = ρ
2 + (z ±m)2, (2.29)
and γ and m are two integrations constants. These so-
lutions were first found by Bach and Weyl in 1922 [16].
Calculating its Newtonian potential (2.5) we obtain
U = γ ln
(
R− + z −m
R+ + z +m
)
, (2.30)
which corresponds to a potential due to a line segment of
length 2m and mass per unit length γ/2 symmetrically
distributed along the z axis. Hence the total mass M
of the line segment is M = γm. The particular case
γ = 1 corresponds to the Schwarzschild metric. This can
be seen by taking spherical Erez-Rosen coordinates [139],
defined by
ρ2 = (r2 − 2mr) sin2 θ, z = (r −m) cos θ, (2.31)
and the γ metric becomes
ds2 = Fdt2 − 1
F
[
Gdr2 +Hdθ2 + (r2 − 2mr) sin2 θdφ2] ,
(2.32)
where
F =
(
1− 2m
r
)γ
, (2.33)
G =
(
r2 − 2mr
r2 − 2mr +m2 sin2 θ
)γ2−1
, (2.34)
H =
(r2 − 2mr)γ2
(r2 − 2mr +m2 sin2 θ)γ2−1 . (2.35)
Now we can easily check that for γ = 1 the metric (2.32)
reduces to the Schwarzschild metric (2.1).
If we want to compare the γ metric to the LC metric,
in the limit when its length segment m→∞, one notices
that by taking directly this limit in (2.27) and (2.28) the
metric diverges. For this reason one can use the Cartan
scalars approach to obtain a finite limit. These scalars
are the components of the Riemann tensor and its co-
variant derivatives calculated in a constant frame. Two
metrics are equivalent if and only if there exist coordinate
and Lorentz transformations which transform the Cartan
scalars of one of the metrics into the Cartan scalars of
the other. Although the Cartan scalars provide a local
characterization of the spacetime, global properties such
as topological defects do not appear in them. By doing
all this procedure one can prove that locally in the limit
m→∞ the γ metric is the same as the LC metric. De-
tails of these long calculations are given in [182]. Here we
come to an interesting and, so far, weird result showing
how apparently unexpected results can stem from long
known results like the Schwarzschild and LC solutions.
When the density per unit length of the rod σ = γ/2
has the value γ = 1, or the mass density per unit length
σ = 1/2, it becomes the Schwarzschild spherically sym-
metric spacetime, and in the limit m→∞, it becomes
the Rindler static plane symmetric vacuum spacetime.
This is a remarkable result.
For all the different limiting metrics that LC space-
time can undergo see [182]. The limits for the circular
geodesics of the γ spacetime to the LC spacetime are well
studied in [184].
In the next section we make a brief review of possible
sources to the LC spacetime.
E. Sources producing LC spacetime
The LC spacetime, as we saw, contains two essential
constants denoted by a and σ. The constant a refers
to an angle deficit or excess that produces cosmological
strings. However, it is σ that presents the most serious
obstacles to its interpretation. Indeed, for small values
0 < σ < 1/4, LC describes the spacetime generated by
an infinite line mass, with σ as mass per unit coordi-
nate length. When σ = 0 the spacetime is flat. However,
circular timelike geodesics only exist for 0 < σ < 1/4, be-
coming null for σ = 1/4 and being spacelike for σ > 1/4.
Furthermore, as the value of σ increases from 1/4 to 1/2
the corresponding Kretschmann scalar (2.14) diminishes
monotonically and vanishes when attaining σ = 1/2 im-
plying that the spacetime is flat.
Thus, the question is what does the LC spacetime rep-
resent outside the range 0 ≤ σ ≤ 1/4 ?
First, we observe that there are known physical sat-
isfactory fluid sources for the LC spacetime satisfying
boundary conditions for both ranges of σ (see for exam-
ple [188, 293]). On the other hand, the fact that the
Kretschmann scalar decreases with increasing σ may not
be associated with the strength of the gravitational field.
Instead, it could be associated with the acceleration of
a test particle that would measure more suitably the
strength of the gravitational field, which is the case for
1/4 < σ < 1/2.
A possible interpretation of the LC solution is a space-
time generated by a cylinder whose radius increases with
σ and tends to infinity as σ approaches 1/2. This in-
terpretation suggests that when σ = 1/2 the cylinder
becomes a plane.
It might be instructive to consider a static cylinder
filled with anisotropic perfect fluid and calculate its mass
per unit length by using the junction conditions to its
exterior LC spacetime. The Whittaker formula [330] for
the active gravitational mass per unit length ν of a static
10
distribution of perfect fluid with energy density µ and
principal stresses Pr, Pz and Pφ inside a cylinder of sur-
face S is
ν = 2pi
∫ rS
0
(µ+ Pr + Pz + Pφ)
√−gdr. (2.36)
Considering a static cylindrically symmetric metric
ds2 = −Adt2 + dρ2 + Cdz2 +Dρ2dφ2, (2.37)
in which A, C and D are only functions of ρ, from Ein-
stein’s fields equations we obtain [165]
A,rr
A
− 1
2
A,r
A
(
A,r
A
− 2
ρ
− C,r
C
− D,r
D
)
= κ (µ+ Pρ + Pz + Pφ) . (2.38)
Substituting (2.38) into (2.36) we have the simple expres-
sion
ν =
1
4
(
A,r
A
√−g
)
S
, (2.39)
where regularity conditions on the axis of symmetry [188]
have been assumed. Now taking the LC metric (2.12) for
the exterior spacetime of the cylindrical surface S, and
imposing that it satisfies Darmois’ junction conditions
[119, 188] with its interior spacetime described by (2.37),
it amounts to impose the continuity of the metric func-
tions and its derivatives on S. By doing so, from (2.39)
we obtain
ν =
σ√
a
, (2.40)
where a is the constant defined in (2.12). From (2.40)
we have that when a > 1, there is a topological angle
defficit, then ν < σ, and if a < 1 there is an angle excess,
producing ν > σ. However, when there is no topological
defect, a = 1, then ν can in fact be interpreted as mass
per unit length of its source. Furthermore, since with
cylindrical sources no black holes are formed, one might
conclude that the minimum mass per unit length to form
a black hole satisfies the constraint ν > 1/2. This result
would fulfill the present knowledge of black holes that a
lower mass limit is required for its formation. We are
aware that ν is model-dependent and cannot be given a
general meaning, but nonetheless it fulfills some of the
expected properties.
A last comment on sources for the LC spacetime is
the fact that conformally flat static sources do not admit
Darmois’ matching conditions satisfied for an exterior LC
spacetime. This result is proved in [181]. Conformal
flatness of a metric means that its corresponding Weyl
tensor vanishes. The interpretation of the Weyl tensor
is that it describes the purely gravitational characteris-
tics of the source. This interesting result means that
a static cylindrical source deprived of its purely gravi-
tational character cannot be smoothly matched to the
exterior LC spacetime. It is conspicuous that for spheri-
cal symmetry this result does not stand, since there are
conformally flat static spherical sources matched to the
Schwarzschild spacetime [180].
III. STATIC ELECTROVACUUM
SPACETIMES
A. Electromagnetic fields in cylindrical
spacetimes
In this section we discuss the gravitational fields whose
only source is a free electromagnetic field described
by Maxwell’s theory. This field in curved spacetime
is characterized by the antisymmetric tensor Fµν =
∂νAµ − ∂µAν (Aµ is the vector 4-potential) satisfying
the Maxwell equations
∇αFαµ= 4pijµ, ∇α∗Fαµ = 0, (3.1)
where ∇α is a covariant derivative, jµ is the electric 4-
current, and ∗Fαβ = −εαβµνFµν/(2√−g) is the axial
tensor dual to Fµν (ε
αβµν is the LC completely antisym-
metric unit object). In a vacuum region of a spacetime
we have jµ = 0.
Nonzero components Fµν , compatible with the geome-
try (A.1), depending on the radial coordinate u only can
have three different directions:
• Radial (R) fields: electric, F01(u) (so that E2 =
F01F
10), and magnetic, F23(u) (so that B
2 =
F23F
23).
• Longitudinal (L) fields: electric, F02(u) (E2 =
F02F
20), and magnetic, F13(u) (B
2 = F13F
13).
• Azimuthal (A) fields: electric, F03(u) (E2 =
F03F
30), and magnetic, F12(u) (B
2 = F12F
12).
Here E and B are the absolute values of the electric
field strength and magnetic induction, respectively. Self-
gravitating static, cylindrically symmetric configurations
of such electromagnetic fields have been considered in
[62, 63, 238, 272, 301] ( in which see also references to
earlier work, and more historical details can be found in
[294]). In our presentation we follow the lines of [62, 63].
The Maxwell equations follow from the least action
principle with the Lagrangian
Lem = −FµνF
µν
16pi
≡ E
2 −B2
8pi
. (3.2)
The same Lagrangian leads to the following well-known
form of the stress-energy tensor (SET) to be used as a
source of gravity in Einstein’s equations:
T νµ =
1
16pi
(−4FµαF να + δνµFαβFαβ) . (3.3)
This expression leads to an important ( result: it
turns out that the metric (A.1) admits only a single sort
of electromagnetic field (R, L, or A, defined above). Any
simultaneous existence of fields of different directions is
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forbidden due to the emergence of off-diagonal compo-
nents of T νµ , whereas the left-hand side of Einstein’s equa-
tions (1.13) ( has only diagonal components. For exam-
ple, a nonzero electric R-field (F01 6= 0) together with a
magnetic L-field (F13 6= 0) leads to T 30 6= 0.
However, simultaneous existence of electric and mag-
netic fields of the same direction is admissible, and due to
the well-known electric-magnetic duality, such fields lead
to similar contributions to T νµ (in the general case there
appears the sum E2 + B2). Therefore in what follows
we consider each sort of fields (R, L, A) separately, and
for definiteness, speak of electric R-fields (F01 = −F10),
magnetic L-fields (F13 = −F31) and magnetic A-fields
(F12 = −F21), bearing in mind that in each case mix-
tures of electric and magnetic fields of the same direction
can be obtained by duality rotations without changing
the SET and therefore the metric. With this ansatz the
Maxwell equations reduce to the first part of (3.1). In
vacuum (jµ = 0) they lead to
d
du
(√−gFµ1) = 0 ⇒ Fµ1 = qµ√−g , qµ = const,
(3.4)
where µ = 0, 3, 2 for R-, L-, A-fields, respectively.
To solve Einstein’s equations, we choose the harmonic
radial coordinate u (A.4) in the metric (A.1), such that
α(u) = β(u) + γ(u) + µ(u). Then
√−g = eα+β+γ+µ =
e2α, and the solutions (3.4) can be written as{
F 01, F 31, F 21
}
= e−2α {qR, qL, qA} , (3.5)
where in each curly bracket one should consider a single
term for each sort of field, and the constants qN have
been renamed accordingly. In what follows, describing
each of these fields separately, we denote by simply q any
of these “charges” without a risk of confusions.
Since the tensor T νµ has zero trace, T = T
α
α = 0, Ein-
stein’s equations can be used in the form Rνµ = 8piT
ν
µ ,
with the expressions (A.2) for Rνµ. They are easily solved
by the same method in all three cases, but the resulting
geometries are substantially different.
B. Geometry with a radial electric field
In this case, as one easily finds, the SET (3.3) takes
the form
T νµ =
q2
8pi
e−2µ−2β diag(1, 1, −1, −1), (3.6)
where q = qR may be interpreted as a linear electric
charge along the z axis. Due to high symmetry of the
SET (3.6), independent components of Einstein’s equa-
tions Rνµ = 8piT
ν
µ reduce to
β′′ = µ′′ = −γ′′, (3.7)
γ′′ = q2e2γ , (3.8)
β′γ′ + β′µ′ + γ′µ′ = q2e2γ . (3.9)
Equations (3.7) are trivial while (3.8) is a Liouville equa-
tion which is easily solved, giving
µ(u) = au− γ(u), β(u) = bu− γ(u), (3.10)
e−γ(u) = s(k, u) ≡

(1/k) sinh ku, k > 0,
u, k = 0,
(1/k) sin ku, k < 0,
(3.11)
where a, b, k are integration constants, which can take
any real values, and three more constants have been re-
moved by rescaling t and z and by choosing the zero point
of the coordinate u. Furthermore, (3.9) is a first integral
of (3.7) and (3.8), which, after substitution of (3.10) and
(3.11) yields a simple relation between the integration
constants
ab = k2 sign(k). (3.12)
Thus we have a solution with three significant integra-
tion constants q, a, b, which splits into three subfamilies
according to the sign of k.
1. k > 0, so that ab = k2. The metric takes the form
ds2 =
k2dt2
q2 sinh2 ku
− q
2
k2
sinh2 ku
[
e2(a+b)udu2
+e2audz2 + e2budφ2
]
. (3.13)
Without loss of generality we may take u ∈ R+ = (0,∞)
as the range of u, and evidently u = 0 corresponds
to the axis since the cylindrical radius r ≡ eβ van-
ishes there. The electric field strength diverges there
as E ≈ |q|/u2, therefore u = 0 can be interpreted as
the location of a stretched electric charge. Since there
g00 = e
2γ ∼ 1/u2 → ∞, it is a repulsive singularity for
small test bodies.
The behavior of the metric at the other end, u → ∞,
depends on the interplay of the constants a and b: while
in all cases e2γ → 0, the radius eβ and the longitudinal
scale factor eµ may tend to zero, infinity or finite values,
as is apparent in (3.13). In the cases where r → 0 as
u → ∞, we have to conclude that the spacetime has
there one more axis besides u = 0, where again E →∞,
but since it is the other end of the electric lines of force, it
is a location of a charge of opposite sign to that existing
at u = 0.
An exceptional case is a = b = −k, such that both eµ
and eβ are finite at u = ∞, and this cylinder turns out
to be a Killing horizon. This is confirmed by a transition
to the new radial coordinate x = 1 − e−2ku, after which
the metric (3.13) takes the form
ds2 =
4(1− x)k2
q2x2
dt2 − q
2x2
16k4
dx2
1− x −
q2x2
4k2
(
dz2 + dφ2
)
.
(3.14)
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FIG. 1: Carter-Penrose diagram for the inverted black hole
spacetime The lines x = 0 are repulsive singularities, the in-
tersecting lines x = 1 form a Killing horizon, and x =∞ is a
temporal infinity.
Here we have the axis x = 0 that coincides with u = 0;
the cylinder x = 1 (at which u = ∞) is a horizon, be-
yond which, at x > 1, there is a homogeneous anisotropic
(Bianchi type I) cosmology where x is a temporal coor-
dinate, and x → ∞ is a highly anisotropic temporal in-
finity where two scale factors, eµ and eβ , tend to infinity
while the third one, eγ , turns to zero. Since, unlike the
Schwarzschild and other black hole spacetimes, a static
region is here inside the horizon, this solution was named
“inverted black hole” [63] (Fig. 1).
2. k = 0, so that by (3.12) either a or b is zero (or both).
If we choose, for definiteness, b 6= 0, then the metric takes
the form
ds2 =
dt2
q2u2
− q2u2
(
e2budu2 + dz2 + e2budφ2
)
. (3.15)
Again u ∈ R+, the axis u = 0 is a repulsive singular-
ity pertaining to a charged thread, while the “far end”
u → ∞ is either a spatial infinity (b ≥ 0, eβ → ∞) or
the second axis (b < 0, eβ → 0). The latter is now an at-
tracting singularity where eγ → 0 but E ∼ e−µ−β →∞.
The case a 6= 0, b = 0 differs from the previous one
where a = b = 0 by a changing scale along the z axis,
and consequently at spatial infinity (u→∞) the electric
field strength E may grow (if a < 0) or vanish (if a > 0).
3. k < 0, so that ab = −k2. The metric is
ds2 =
k2 dt2
q2 sin2 ku
− q
2
k2
sin2 ku
[
e2(a+b)udu2 + e2audz2
+e2budφ2
]
. (3.16)
Without loss of generality the range of u can be chosen
as 0 < u < pi/|k|, and its both ends correspond to re-
pulsive (since eγ →∞) axial (since eβ → 0) singularities
with E → ∞, to be ascribed to axial electric charges
of opposite signs. The constants a and b do not affect
the qualitative nature of the configuration, being only
involved in exponentials which are finite and smooth in
this range of u.
In all cases with two axes, the 2D subspaces t = const,
z = const can be imagined as warped spheres with sin-
gularities at their poles.
C. Geometry with a longitudinal magnetic field
In this case, as one easily finds, the SET (3.3) takes
the form
T νµ =
q2
8pi
e−2µ−2β diag(1, −1, 1, −1), (3.17)
where q = qL can be ascribed to an electric current in
the azimuthal (φ) direction, like that in a solenoid. Due
to high symmetry of the SET (3.6), independent compo-
nents of Einstein’s equations in full similarity with (3.7)–
(3.9) reduce to
−µ′′ = −γ′′ = β′′ = −q2e2β ,
β′γ′ + β′µ′ + γ′µ′ = q2e2β , (3.18)
so excluding the insignificant integration constants by
rescaling the t and z axes and choosing the zero point
of u, we can write the solution as
γ = −β + au, µ = −β + bu, e2β = k
2
q2 cosh2 ku
,
a, b, k = const, k > 0, ab = k2. (3.19)
Thus the metric can be written as
ds2 =
q2 cosh2 ku
k2
[
e2audt2 − e2(a+b)udu2 − e2budz2
]
− k
2dφ2
q2 cosh2 ku
. (3.20)
The range of u is u ∈ R; moreover, without loss of gen-
erality we can assume a > 0 and b > 0 (making them
negative is equivalent to changing u→ −u).
The circular radius eβ → 0 as u → ±∞, that is, we
have two axes at two ends of the u range. The end u→
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∞ is, for any k, a, b infinitely distant since the proper
length integral l =
∫
eαdu diverges. The coefficients eµ
and eγ also diverge there, the latter meaning that the
gravitational field is repulsive from this remote axis. The
magnetic induction B vanishes there.
As to u → −∞, the axis there is at finite proper dis-
tance from any point with u < +∞, since ∫ eαdu con-
verges. The metric behavior is more diverse there: there
is repulsive (if a < k) or attractive (if a > k) singularity
according to the behavior of eγ , while the scale along z
behaves oppositely to eγ : it vanishes if a < k and blows
up if a > k. In addition, B →∞ as u→ −∞ in all cases
except a = b = k.
But the most interesting geometry is observed if a =
b = k: the magnetic field there is finite, and there is
no curvature singularity at u = ∞. In this case the
substitution
eku = ρ = r
|q|
2k
, t = t¯
|q|
2k2
, z = z¯
|q|
2k2
, (3.21)
transforms the metric to
ds2 =
q2
k2
(1 + ρ2)2
(
dt¯2 − dr2 − dz¯2)− r2
(1 + ρ2)
2 dφ
2.
(3.22)
This metric is regular on the axis r = 0 if q2 = 4k3
and coincides with the metric of Melvin’s “geon” [236].
Otherwise there is a conical singularity at r = 0, and this
axis behaves as a cosmic string.
In the limit r →∞ (u→∞), as can be easily verified,
all curvature invariants vanish. Thus the metric (3.22)
has no curvature singularities. It describes a magnetic (or
electric) field configuration supported by its own gravi-
tational field (“a magnetic universe”), with or without a
cosmic string on its axis.
D. Geometry with an azimuthal magnetic field
For an azimuthal magnetic field, the SET (3.3) takes
the form
T νµ =
q2
8pi
e−2β−2γ diag(1, −1, −1, 1), (3.23)
where q = qA may be interpreted as a steady electric
current along the z axis. The set of equations is the
same as for the L-field up to the replacement φ ↔ z,
β ↔ µ, and the solution may be written as
γ = −µ+ au, β = −µ+ bu, e2µ = k
2
q2 cosh2 ku
,
a, b, k = const, k > 0, ab = k2, (3.24)
ds2 =
q2 cosh2 ku
k2
[
e2audt2 − e2(a+b)udu2 − e2budφ2
]
− k
2dz2
q2 cosh2 ku
. (3.25)
As before, u ∈ R; and without loss of generality we as-
sume a > 0 and b > 0.
Despite the similarity between (3.20) and (3.25), their
interpretations are quite different due to our assumptions
of the topology of z and φ axes.
In the metric (3.20), “on the right end” u → +∞ we
have eγ → ∞ (repulsion), eβ → ∞ (spatial infinity in
the sense of growing circular radius), l =
∫
eαdu → ∞
(an infinite radial distance), and the magnetic induction
B → 0. Meanwhile, eµ → 0 (shrinking longitudinal scale)
on both ends.
On the other end, u→ −∞, l <∞, but it is a repulsive
singular axis (eβ → 0, eγ → ∞) only if a < k. If a >
k, we have, on the contrary, eγ → 0 (attraction) but
eβ → ∞, and the whole configuration is wormhole-like
[81] though with a singular end at u = −∞. As in the
case of L-fields, B → ∞ as u → −∞ in all cases except
a = b = k.
If a = b = k, then at u = −∞ both eγ and eβ are
regular, and to clarify the metric properties it is helpful
to substitute e2ku = y, after which the metric reads
ds2 =
(1 + y)2
K
(
dt2 − 4k
2dy2
y
− dφ2
)
− Ky
(1 + y)2
dz2,
K =
4k2
q2
. (3.26)
Now, let us further transform the x coordinate to make
the metric of (y, z) 2-surfaces explicitly conformally flat:
dl2y,z =
Ky
(1 + y)2
(dF 2 + dz2), F =
∫
2k(1 + y)2
Ky
dy.
(3.27)
To regularize it at y = 0 we can use the notion of confor-
mal mappings on the complex plane using the function
W = lnZ for W (ζ) = F + iz with ζ = ξ + iη. More
precisely, in terms of F and z, we substitute
F =
1
2K
ln(ξ2 + η2), z = arctan
η
ξ
⇒
dF 2 + dz2 =
dξ2 + dη2
K(ξ2 + η2)
, (3.28)
and since ξ2 +η2 ∼ y as y → 0, the metric is nonsingular
at y = 0. However, under this transformation the range
of z is pi/2 < z < pi/2, and the whole (ξ, η) plane R2
maps in terms of (y, z) to this interval times y ∈ R+.
To extend the solution to z ∈ R, we have to consider
a Riemannian surface (ξ, η) with in infinite number of
sheets and ξ = η = 0 as a branching point.
Thus in this case we have a self-supported magnetic
distribution in a spacetime with a branching-point sin-
gularity.
From the above analysis it can be seen that static cylin-
drically symmetric Einstein-Maxwell fields are rather di-
verse, and the most interesting and nontrivial configura-
tions exist in special cases where there is a kind of equi-
librium between gravity and electromagnetism: a horizon
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in an R-field, Melvin’s nonsingular universe with an L-
field, and a system with a branching point singularity in
an A-field.
To understand the solutions further, sources producing
such spacetimes were considered in [238]. It was shown
that, in contrast to the vacuum case, when the electro-
magnetic field is present, the situation changes dramati-
cally. In particular, in the case of a purely magnetic field,
all the solutions can be produced by physically accept-
able cylindrical thin shells, while in the case of a purely
electric field, no such shells are found for any choice of
the free parameters involved in the solutions.
IV. LC SOLUTIONS COUPLED WITH
COSMOLOGICAL CONSTANT
A. Linet-Tian (LT) solutions
The Linet-Tian (LT) solutions can be cast in the form
[124, 221, 304],
ds2 = Q2/3(r)
[
P (r)−2(4σ
2−8σ+1)/(3Σ)dt2
−P (r)2(8σ2−4σ−1)/(3Σ)dz2
−C−2P (r)−4(2σ2+2σ−1)/(3Σ)dϕ2
]
− dr2, (4.1)
where Σ is given by (2.9),
P (r) ≡ 1
β
tan (βr) , Q(r) ≡ 1
2β
sin (2βr) , (4.2)
β ≡ √3Λ/2 and C is an arbitrary real integration con-
stant. Without loss of the generality, we assumed C > 0.
It is easy to show that the above solutions reduce to the
LC solutions given by (2.10), when Λ = 0, so in the fol-
lowing we do not consider this case any more. When
Λ < 0, the trigonometric functions become hyperbolic,
but the resulting solutions are still well-defined and real.
All the solutions with Λ 6= 0 are Petrov type I according
to the classifications given in [294], except for the par-
ticular cases, σ = −1/2, 0, 1/4, 1/2, 1, which are all
Petrov type D, as shown explicitly in [124].
In addition, it was also found that the solutions with
σ = 1/4 + τ can be obtained from the ones with σ =
1/4− τ , together with the replacement [124],
t = iC−1ϕ′, ϕ = iCt′. (4.3)
Yet, the solutions also remain the same if we replace σ
with 1/(4σ) and exchange the z- and ϕ-coordinates [347],
similarly to the vacuum case.
When σ = 0, (4.1) reduces to
ds2
∣∣
σ=0
= cos4/3 (βr)
(
dt2 − dz2)
− sin
2 (βr)
β2C2 cos2/3 (β r)
dϕ2 − dr2. (4.4)
Clearly, in addition to the usual three Killing vectors
ξ(t) = ∂t, ξ(z) = ∂z, ξ(ϕ) = ∂ϕ, the solutions now admit
one more Killing vector ξ(0) = t∂z + z∂t, which corre-
sponds to a Lorentz boost in the (t, z)-plane. As r → 0,
we find that
ds2
∣∣
σ=0
' dt2 − dz2 − r
2
C2
dϕ2 − dr2, (4.5)
which represents the external spacetime of a cosmic string
located on the symmetry axis r = 0 with the angular de-
fect ∆ϕ ≡ 4µ = 1− C−1, where µ denotes the mass per
unit length of the string. Note that the metric (4.4) also
becomes singular at r = rg ≡ pi/(2β) for Λ > 0. As
shown below, this singularity is a curvature one, which
makes the interpretation of the solutions as representing
a cosmic string spacetime coupled with a positive cos-
mological constant unclear. However, in the case Λ < 0,
the trigonometric functions become hyperbolic ones, and
this singularity does not exist any more. So, in the latter
the corresponding spacetime indeed can be interpreted
as representing a cosmic string embedded in an asymp-
totically anti-de Sitter spacetime.
To study the LT solutions further, let us consider the
cases Λ > 0 and Λ < 0, separately.
B. Main properties of LT solutions with Λ > 0
As r → 0, we find that P (r) → r and Q(r) → r, so
that (4.1) approaches to the vacuum LC solutions. Then,
the singularity behavior of the LT solutions at r = 0 are
similar to that of the LC solutions. In particular, all
the solutions have a curvature singularity, except for the
cases σ = 0 and σ = 1/2 [321].
When σ = 1/2, similarly to the case σ = 0, the cor-
responding solution also possesses an additional Killing
vector, ξ(1/2) = C
−1ϕ∂z − Cz∂ϕ. This corresponds to
a rotation in the (z, ϕ)-plane. Since in the latter case
the curvatures of the two spacelike surfaces t, r = Con-
stant are identically zero, it is difficult to consider this
spacetime as having cylindrical symmetry. Instead, one
may extend the ϕ coordinate from the range [0, 2pi] to the
range (−∞,+∞), so the resulted spacetime has a plane
symmetry, as in the vacuum case [124, 332].
However, the metric (4.1) shows that the solutions usu-
ally are also singular on the hypersurface rg ≡ pi/(2β).
To see the nature of the singularities, let us first note
that Q(r) → r − rg and P (r) → (r − rg)−1, as r → rg.
Then, we find that the metric (4.1) takes the asymptotic
form,
ds2 ' R4(4σ2−5σ+1)/(3Σ)dt2 −R−4(2σ2−σ−1)/(3Σ)dz2
−C−2R2(8σ2+2σ−1)/(3Σ)dϕ2 − dr2, (4.6)
as r → rg, where R ≡ r − rg. Then, the corresponding
Kretschmann scalar is given by,
R ≡ RαβγδRαβγδ
' 64(σ − 1)
2(2σ + 1)2(4σ − 1)2
27Σ3R4
, (r ' rg). (4.7)
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Therefore, the spacetime is always singular at r = rg, ex-
cept for the cases σ = −1/2, 1/4, 1. It can be shown that
all 14 independent scalars, built from the Riemann tensor
in 4-dimensional Riemann spacetimes [88], have the same
properties. Therefore, in the cases σ = −1/2, 1/4, 1
the singularities on the hypersurface r = rg, are coordi-
nate ones, and to have geodesically complete spacetimes,
the solutions need to be extended beyond this surface.
Note that, in addition to the usually three Killing vec-
tors, they also have a fourth Killing vector, given by
ξ(−1/2) = C−1ϕ∂z −Cz∂ϕ, ξ(1/4) = C−1ϕ∂t +Ct∂ϕ, and
ξ(1) = z∂t + t∂z, respectively. Using the same arguments
as those given for the solution with σ = 1/2, the solution
with σ = −1/2 can be also considered as representing
plane symmetry, and the coordinate ϕ can be extended
to the whole axis −∞ < ϕ < +∞.
Therefore, except for the particular cases, σ = −1/2, 0,
1/4, 1/2, 1, the solutions are singular at both r = 0 and
r = rg. The physics of these singularities is unclear, and
some of them (if not all) can be considered as representing
matter sources [47, 50].
When Λ > 0, in addition to (4.3), extra symmetry
exists [168],
r =
pi√
3Λ
− r′, t =
(
4
3Λ
) 4σ2−8σ+1
3Σ
t′,
ϕ =
(
4
3Λ
) 2σ2+2σ−1
3Σ
z′, z =
(
4
3Λ
)− 8σ2−4σ−13Σ
ϕ′,(4.8)
where σ ≡ (1− 4σ′)/[4(1− σ′)]. Because of this symme-
try, it was argued that z and ϕ should have the same
character, and in particular should be all periodic [168].
Due to the particular symmetry and singular behavior
of the cases σ = ±1/2, in the following let us consider
them separately. For more details, interested readers are
referred to [124, 332].
1. Global structure of the solution with σ = 1
2
When σ = 1/2, making the coordinate transformations
[124],
T =
2
3
t, X = cos2/3(βr), Y =
2β
3C
ϕ, Z =
2β
3
z, (4.9)
the corresponding metric takes the form,
ds2
∣∣
σ= 12
=
9
4β2
[
f(X)dT 2 − dX
2
f(X)
−X2
(
dY 2 + dZ2
)]
,
(4.10)
where
f(x) ≡ 1
X
−X2. (4.11)
From (4.9) we can see that the region 0 ≤ r ≤ rg is
mapped to the region 0 ≤ X ≤ 1, and the point r = rg is
FIG. 2: Carter-Penrose diagram for the LT solutions with
σ = 1
2
and Λ > 0 in the region X ≤ 0, given by (4.11) and
(4.12). The horizontal line (X = 0) represent a spacetime
singularity [124].
mapped to the point X = 0, which is singular. Extending
X to the range X ∈ (−∞,+∞), we find that in the
extended spacetime two new regions X > 1 and X <
0 are obtained. However, the curvature singularity at
X = 0 divides the whole spacetime into two unconnected
regions X ≥ 0 and X ≤ 0.
In the region X ≤ 0, the function f(X) is always neg-
ative and the X coordinate is timelike, while T is space-
like. Then, the spacetime is essentially time-dependent
and the singularity at X = 0 is spacelike. As X → −∞,
the metric becomes asymptotically de Sitter,
ds2
∣∣
σ= 12
' dT˜ 2−e4βT˜/3
(
dX2+dY 2+dZ2
)
, (X → −∞),
(4.12)
where T = e2βT˜/3, and X, Y, Z had been rescaled. The
corresponding Carter-Penrose diagram is given by Fig.2.
In the region X ≥ 0, the function f(X) is greater than
zero for 0 ≤ X < 1 and less than zero for X > 1; that is,
X is spacelike in the region 0 ≤ X < 1 and timelike in the
region X > 1. On the hypersurface X = 1, it becomes
null, which represents a horizon. Since the spacetime sin-
gularity at X = 0 now is timelike, the horizon is actually
a Cauchy horizon [177]. As X → +∞, the spacetime is
also asymptotically de Sitter and approaches the same
form as that given by (4.12). The corresponding Carter-
Penrose diagram is given by Fig.3.
2. Global structure of the solution with σ = − 1
2
When σ = −1/2, the spacetime is singular at r = 0,
and is free of curvature singularity at r = rg. Thus, to
have a geodesically complete spacetime, we need to ex-
tend the solution beyond the hypersurface r = rg. To
make such an extension, we can introduce a new coor-
dinate X by X = sin2/3(βr), and then rescale the co-
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FIG. 3: Carter-Penrose diagram for the LT solutions with
σ = 1
2
and Λ > 0 in the region X ≥ 0, given by (4.11)
and (4.12). The vertical lines (X = 0) represent spacetime
singularities, while the ones ad and bc (X = 1) represent
Cauchy horizons. As X → ∞ (represented by the curves ab
and cd), the spacetime is asymptotically de Sitter [332].
ordinates t, z, and ϕ, we will find that the correspond-
ing metric takes the same form as that given by (4.12).
Thus, the solution with σ = 1/2 is actually the same as
that with σ = −1/2. As first noticed in [124], this is
not expected! As a matter of fact, in the limit Λ → 0,
the solution with σ = 1/2 approaches the Rindler space
[268], which represents a uniform gravitational field and
is free of any kind of spacetime curvature singularities,
while the one with σ = −1/2 is the static Taub solution
with plane symmetry [299], and is singular on the hyper-
surface X = 0. The total mass of the Taub spacetime is
negative, while the one of Rindler is not [125]. However,
the presence of the cosmological constant makes up these
differences and turns the two spacetimes to be identical!
We would also like to call the attention to the comments
on conformally flat sources given at the end of section
2.5.
It is also interesting to note that none of these two so-
lutions represents black holes. In fact, there is a general
theorem for spacetimes with a positive cosmological con-
stant and two spacelike Killing vectors [319], which shows
clearly that in such cases no black holes exist, as long as
matter fields satisfy the dominant energy condition [177].
C. Main properties of LT solutions with Λ < 0
Near r = 0, the solutions with Λ < 0 have the same
asymptotic properties as those with Λ > 0, and all ap-
proach to the LC vacuum solutions. Therefore, all the
LT solutions with Λ < 0 are singular at r = 0, except
for the two particular cases, σ = 0, 1/2. On the other
hand, from (4.2) we can see that both P (r) and Q(r) are
monotonically increasing functions of r now, so the LT
solutions with Λ < 0 are well-defined in the whole range
r ∈ (0,+∞). In particular, as r →∞, we find that
ds2
∣∣
r→∞ ' C20e4βr/3
[
dt2 − dz2 − dϕ
2
C2
]
− dr2, (4.13)
where C0 is a real constant. As first noted in [124], this
is the anti-de Sitter spacetime, but written in the horo-
spherical coordinates [114]. Therefore, all the LT solu-
tions with a negative cosmological constant are asymp-
totically anti-de Sitter.
1. Global structure of the solution with σ = 0
When σ = 0, the solutions are given by (4.4), i.e.,
ds2
∣∣
σ=0
= cosh4/3 (|β|r) (dt2 − dz2)
− sinh
2 (|β|r)
|β|2C2 cosh2/3 (|β| r)dϕ
2 − dr2, (4.14)
which can be considered as representing a cosmic string
located on the symmetry axis r = 0 embedded in the anti-
de Sitter spacetime with its mass per unit length given
by µ =
(
1− C−1) /4. Clearly, when C = 1, the cosmic
string disappears, and a regular axis is obtained. Then,
the whole spacetime is free of any kind of singularities,
including a conic one, and has a well-defined symmetry
axis at r = 0. In fact, the spacetime is locally flat at
r = 0. So, we have an anti-de Sitter spacetime with
cylindrical symmetry, and this solution is different from
the anti-de Sitter spacetime,
ds2AdS =
(
1 +
|Λ|r2
3
)
dt2 −
(
1 +
|Λ|r2
3
)−1
dr2
−r2 (dθ2 + sinφ2dφ2) , (4.15)
as first noted by Bonnor in [49], and dubbed the non-
uniform (NoU) AdS universe. The difference between
these metrics can be seen clearly by calculating their
Kretschmann scalars,
R ≡ RαβγδRαβγδ =
{
4Λ2
3 Rˆ, NoU-AdS,
8Λ2
3 , AdS,
(4.16)
where Rˆ ≡ 3 − 2 tanh2(|β|r) + tanh4(|β|r). In fact,
the AdS spacetime given by (4.15) is conformally flat(
CAdSµναβ = 0
)
, while the one given by (4.13) is not(
CNon-U-AdSµναβ 6= 0
)
, where Cµναβ denotes the Weyl ten-
sor.
2. Global structure of the solution with σ = 1
2
When σ = 1/2, the corresponding solution also pos-
sesses an additional Killing vector, ξ(1/2) = C
−1ϕ∂z −
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Cz∂ϕ, which represents a rotation in the (z, ϕ)-plane, and
implies that this plane is flat. Thus, one can also consider
that the solution has a plane symmetry by simply extend-
ing ϕ to the range ϕ ∈ (−∞, +∞). Then, we should also
need to extend r to the full range r ∈ (−∞, +∞). How-
ever, the metric has a coordinate singularity at r = 0,
and extension beyond it is needed, in order to obtain a
geodesically complete spacetime. The extension is quite
similar to the case σ = 1/2, Λ > 0. In fact, setting
T =
2
3
t, X = cosh2/3(|β|r), Y = 2|β|
3C
ϕ, Z =
2|β|
3
z,
(4.17)
the corresponding metric takes the form,
ds2
∣∣
σ= 12
=
9
4β2
[
− f(X)dT 2 + dX
2
f(X)
−X2
(
dY 2 + dZ2
)]
, (4.18)
where f(X) is given by (4.11). Comparing it with (4.10)
we can see that we can obtain one from the other by sim-
ply replacing f(X) with −f(X). From the expression of
X we can see that the region 0 ≤ r < ∞ is mapped to
the region 1 ≤ X <∞, and region X < 1 is an extended
region. After the extension, a spacetime curvature singu-
larity appears at X = 0, which divides the whole X-axis
into two parts X ≤ 0 and X ≥ 0. It can be shown that,
unlike the case Λ > 0, now the spacetime is static in the
region X ≤ 0 and the curvature singularity at X = 0
is timelike and naked. As X → −∞, the spacetime is
asymptotically anti-de Sitter,
ds2
∣∣
σ= 12
' 9
4|β|2X˜2
(
dT 2 − dX˜2 − dY 2 − dZ2
)
, (4.19)
where X˜ = X−1. The corresponding Carter-Penrose di-
agram is given by Fig.4.
In the region X ≥ 0, the spacetime singularity at
X = 0 becomes spacelike. Except for this curvature sin-
gularity, there is a coordinate one located at X = 1.
This coordinate singularity actually represents an event
horizon. As shown in the last section, the spacetime is
asymptotically anti-de Sitter as X → +∞. The corre-
sponding Carter-Penrose diagram is given by Fig.5. This
is a black hole solution with plane symmetry and vanish-
ing electromagnetic charge first found in [86], and then
studied in detail in [332]. It should be noted that this
does not contradict the theorem given in [319], as now
we have Λ < 0.
3. Global structure of the solution with σ = − 1
2
Note that in this case an additional Killing vector
ξ(−1/2) = C−1ϕ∂z − Cz∂ϕ also exists, and one may
consider that the spacetime also has a plane symmetry.
Hence, the range of r should be taken as r ∈ (−∞, +∞).
x
  
  
=
  
  
0
a
c
b
t  =  Const.
x = Const.
FIG. 4: Carter-Penrose diagram for the LT solutions with
σ = 1
2
and Λ < 0 in the region X ≤ 0. The vertical double line
(X = 0) represents a spacetime singularity, which is timelike.
The curve bca corresponds to X = −∞, which is also timelike
[332].
a b
dc
x    =    0
x    =    0
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FIG. 5: Carter-Penrose diagram for the LT solutions with
σ = 1
2
and Λ < 0 in the region X ≥ 0. The horizontal
lines (X = 0) represent spacetime singularities, while the ones
X = 1, represented by the straight lines ad and bc, correspond
to event horizons. As X → ∞ (represented by the curves ac
and bd), the spacetime is asymptotically anti-de Sitter [332].
Then one may ask, what is the physical interpretation
of the spacetime in the region r ≤ 0? To answer
this question, let us first introduce a new coordinate
X = − sinh2/3(|β|r), and then rescale the other three, we
find that the metric takes the same form as that given
by (4.18). From the expression for X we can see that
the region 0 ≤ r < +∞ now is mapped to the region
−∞ < X ≤ 0, while the region −∞ < r ≤ 0, is mapped
to the region 0 ≤ X < +∞. In the region 0 ≤ r <∞, the
solution represents a static spacetime with a naked singu-
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larity located at X = 0. The spacetime is asymptotically
anti-de Sitter, and the corresponding Carter-Penrose di-
agram is given by Fig.4. In the region −∞ < r ≤ 0, the
solution represents a black hole with plane symmetry,
and the corresponding carter-Penrose diagram is given
by Fig.5. Thus, similarly to the case with Λ > 0, now
the solution with σ = 1/2 and the one with σ = −1/2
actually describes the same spacetime.
D. Geodesics of LT solutions
Geodesics describe the orbits of light rays and material
particles, and an important physical aspect is the influ-
ence of the cosmological constant on the stability of the
geodesics’ orbits in an otherwise vacuum spacetime with
Λ = 0. In this context spherical spacetime with Λ has
been studied in [215]. Here we summarize, in an unified
way, the results about the impact of Λ on the dynamics
of the geodesics in the LT spacetime. We recall the LT
metric (4.1) with P and Q given by
P =
2√
3|Λ|T (R), Q =
1√
3|Λ|S(2R), R =
√
3|Λ|
2
r,
(4.20)
where T and S are the tangent and sine functions if Λ >
0, or the corresponding hyperbolic functions if Λ < 0.
We follow closely the results obtained for Λ > 0 in
[60] and Λ < 0 in [59]. We recall too that the range
of the radial coordinate r is r ∈ (0, pi/√3Λ) and there
are two singularities for Λ > 0, and the range of the
radial coordinate r is r ∈ (0,∞) and there is only one
singularity for Λ < 0. If Λ = 0, one simply gets P = Q =
r.
The geodesics for the LT metric are given by
t˙ = EQ−2/3P 2(1−8σ+4σ
2)/(3Σ), (4.21)
r˙2 = Q−2/3P 2(1−8σ+4σ
2)/(3Σ)[E2 − V (r)], (4.22)
z˙ = PzQ
−2/3P 2(1+4σ−8σ
2)/(3Σ), (4.23)
φ˙ = C2LzQ
−2/3P−4(1−2σ−2σ
2)/(3Σ), (4.24)
where the dot stands for differentiation with respect to
an affine parameter λ; the constants E, Pz and Lz repre-
sent, respectively, the total energy of a test particle, its
momentum along the z axis and the angular momentum
about the z axis; and the effective potential V (r) is given
by
V (r) = Q2/3P−2(1−8σ+4σ
2)/(3Σ) + P 2z P
8σ(1−σ)/Σ
+C2L2zP
−2(1−4σ)/Σ, (4.25)
where  = 0, 1 or −1 if the geodesics are, respectively,
null, timelike or spacelike.
We note that in (4.22) E2 = V (r) gives r˙2 = 0 and
corresponds to circular helices along cylindrical surfaces,
or to planar circles if Pz = 0. We also note that un-
bounded geodesics for Λ = 0 remain unbounded after
the introduction of any Λ 6= 0 so our aim here will focus
on stability issues for bounded geodesics, where we also
consider Lz 6= 0.
1. Planar geodesics z˙ = 0
In this case, let us consider the null and timelike
geodesics, separately.
• Null geodesics  = 0: For the null geodesics,
when σ ≤ 1/4, if E2 > V∞ = (CLz)2P−2(1−4σ)/Σ, then
outgoing particles escape to infinity for Λ < 0, while
they reach the outer singularity for Λ > 0. Incoming
geodesics hit the axis for σ = 1/4, but for σ < 1/4,
they always bounce at a minimum distance rmin from the
axis, where (
√
3|Λ|/2)rLCmin = (
√
3|Λ|rmin/2)T and
rLCmin = (CLz/E)
Σ/(1−4σ).
When σ > 1/4, using V (r → 0) → 0 and V (r →
pi/
√
3Λ) → +∞, for Λ > 0, and V (r → ∞) → V∞ =
(2/
√
3|Λ|)−2(1−4σ)/Σ(CLz)2 and V (r → 0) → 0, for
Λ < 0 (and E2 ≤ V∞), one concludes that incoming par-
ticles approach the axis with infinite speed. In turn, out-
going particles move with decreasing speed and negative
acceleration, attaining a maximum distance rmax from
the axis, where (
√
3|Λ|/2)rLCmax = (
√
3|Λ|rmax/2)T
with rLCmax = (E/(CLz)
Σ/(4σ−1) being the value of
rLCmax for Λ = 0. This shows, in a particularly simple
way, that Λ > 0 decreases the maximum distance to the
axis reached by the null particle, while Λ < 0 increases
it. In the latter case, now with E2 > V∞, outgoing null
particles escape to infinity.
Proposition 1. Consider null geodesics with Λ = 0,
Pz = 0 and Lz 6= 0. Then, bounded geodesics are: (i)
unstable, if E2 > V∞, with the introduction of Λ < 0;
(ii) stable, if E2 ≤ V∞, with the introduction of Λ < 0;
(iii) stable, with the introduction of Λ > 0.
• Timelike geodesics  = 1: In this case, when σ <
1/4, for Λ = 0, since V (r) = Q2/3P−2(1−8σ+4σ
2)/(3Σ) +
(CLz)
2P−2(1−4σ)/Σ always has a minimum, the geodesics
is always confined between two nonzero radii and this is
also the case for Λ < 0. On the contrary, if Λ > 0,
then dV/dr = 0 does not always have a solution. In
fact, for sufficiently large Λ, bounded geodesics become
unbounded and converge to the r = pi/
√
3Λ singularity.
When σ ≥ 1/4, by similar methods, we prove that
outgoing geodesics reach a maximum radial value before
bouncing back inwards to the axial singularity and in-
coming particles hit the axis.
Proposition 2. Consider timelike geodesics with Λ =
0 and Pz = 0. Then, bounded geodesics are: (i) stable,
for a sufficiently small Λ > 0; (ii) unstable, for suffi-
ciently large Λ > 0; (iii) stable, against any value of
Λ < 0.
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2. Non-planar geodesics z˙ 6= 0
• Null geodesics  = 0: In this case, when σ < 1/4,
for Λ = 0, the geodesics are always confined between two
nonzero radii and the same happens for Λ > 0, since
V (r) has a minimum and the equation E2 = V (r) has
two real roots. For Λ < 0, if E2 ≥ V∞, where V∞ =
P 2z (2/
√
3|Λ|)8σ(1−σ)/Σ + (CLz)2(2/
√
3|Λ|)−2(1−4σ)/Σ, a
null particle approaches the axis with decreasing negative
acceleration and increasing speed, until it arrives at its
minimum distance from the axis at E2 = V (r), where it
has vanishing speed. From there on, the null particle is
reflected escaping to infinity. If E2 < V∞, the equation
E2 = V (r) has two roots and the geodesics are confined
between two nonzero radii.
When σ ≥ 1/4, for Λ = 0, the geodesics are always
confined between two nonzero radii. If Λ < 0 and E2 ≥
V∞, the null geodesics become unbounded. Otherwise,
the geodesics reach a maximum.
• Timelike geodesics  = 1: In this case, there is
always geodesic confinement in the radial direction for
Λ ≤ 0. If Λ > 0, the geodesics are only confined for
σ < 1/4, in which case V (r → 0) → +∞ and V (r →
pi/
√
3Λ) → +∞. If σ ≥ 1/4, then V (r → 0) is finite,
therefore, incoming particles hit the axis and outgoing
particles reach a maximum distance before turning back
to the axis. We summarize the results of this subsection
below.
Proposition 3. Consider geodesics with Pz 6= 0.
Then, radially bounded geodesics with Λ = 0 are:
(i)stable with the introduction of any Λ > 0; (ii) stable
with the introduction of any Λ < 0 in the case of timelike
geodesics; (iii) unstable, if E2 ≥ V∞, for Λ < 0 in the
case of null geodesics.
E. Instability of LT solutions
The stability of the solutions with Λ < 0 was recently
studied in [159]. Consider the kind of perturbations,
gµν = g
(0)
µν (x) + hµν , (4.26)
where g
(0)
µν (x) is the LT solutions, and hµν = hµν(t, r, z)
with   1 and x ≡ sinh(|β|r). Since the background
depends only on x, one finds that hµν(t, r, z) takes the
form,
hµν(t, x, z) =
∫
e−(Ωt−kz)C(Ω, k)Hµν (Ω, k, x) dΩdk,
(4.27)
where C(Ω, k) is determined by the initial data. It is well-
known that the spectrum of perturbations (sensitively)
depends on the boundary conditions, and the choice of
them is subtle here with the LT solutions. First, they
are singular at the symmetry axis r = 0, except for some
particular cases, as shown above. These singularities are
timelike, and there is no general rule on how to impose
boundary conditions at such singular points. Following
the studies carried out for the vacuum LC solutions [158],
Gleiser found that if one imposes certain physically ac-
ceptable restrictions as the boundary conditions at x = 0,
it is possible to define unique evolutions for arbitrary
perturbations that satisfy such imposed boundary con-
ditions. Second, the spacetime is asymptotically anti-de
Sitter as x→∞, as shown by (4.13), and this boundary is
timelike. As a result, the hypersurfaces t = Constant are
not Cauchy surfaces, and there always exist null geodesics
that remain to the future of any given constant t hyper-
surface, and never intersect the hypersurface [cf. Fig.4].
Then, the future evolution of any perturbation may be
arbitrarily modified by information coming from x =∞.
To overcome the second problem, following [193], Gleiser
found that under certain circumstances some boundary
conditions can lead to a well-defined evolution of appro-
priate initial perturbation data. With such boundary
conditions, he was able to show that unstable modes al-
ways exist. Then, he argued that this should be gener-
ically present in the evolution of arbitrary initial data,
and concluded that the LT spacetimes with a negative
cosmological constant are generically unstable under the
linear gravitational perturbations.
It should be noted that the above analysis cannot be
applied to the cases σ = ±1/2, as in these cases the so-
lutions actually represent black holes, as shown in Fig.5,
and the boundary conditions should be now at the hori-
zons X = 1, instead of the symmetry axis r = 0, while
the ones at r =∞ should be similar to what Gleiser con-
sidered. So, it would be very interesting to see if such
black holes are stable or not.
Recently, the above studies were generalized to the case
Λ > 0 [160]. However, due to the complexities of the
perturbation equations, a similar conclusion for the gen-
eral case is absent, but in all the cases analyzed unstable
modes were found, which strongly suggests that all the
LT spacetimes with Λ > 0 are linearly unstable under
gravitational perturbations, although the problem of de-
termining the time evolution of arbitrary initial data still
remains open.
F. Sources producing LT spacetimes
To study the LT solutions further, it is important to
study the possible sources that could produce such space-
times. In particular, the spacetime singularities are nor-
mally considered as some kind of indications that in re-
ality they should be replaced by matter sources that pro-
duce such spacetimes [47, 50].
Along this vein, in the case Λ > 0 the solutions are
usually singular at both r = 0 and r = pi/(2β). Then,
one can see that at least two matter sources should ex-
ist in this case, and the LT solutions are only valid in
between these two sources. Then, it is not clear what
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are the physical meanings of such spacetimes, if there is
any. In [168], because of the symmetry given by (4.8) it
was argued that the coordinate z is more like an angular
coordinate than an infinitely long axis. So, replacing z
by ψ which has the range ψ ∈ [0, 2pi), the LT solutions
with Λ > 0 and σ ∈ [0, 1/4] were matched with the static
Einstein universe,
ds2ES = A
2
1dt
2 − B
2
1
Λ
cos2 ∆dψ2 − C
2
1
Λ
sin2 ∆dϕ2 − dr2,
(4.28)
along the hypersurface r = r1, where ∆ ≡
√
λ (r − r0),
A1, B1, C1 and r0 are real constants and are uniquely de-
termined by the junction conditions along r = r1. How-
ever, as noted in [168], the static Einstein universe can
replace only one of the two singularities, and to have a
singularity-free spacetime, one needs to replace the re-
mained singularity, too.
With the static Einstein universe as an example, one
may also consider r as an angular coordinate, so that the
hypersurfaces r = 0 and r = pi/(2β) are identical, and
the two singularities become one. In fact, setting
sin
(
r − r0
a
)
= sinχ sin θ, tan(B1ψ) = tanχ cos θ,
(4.29)
the metric (4.28) will take the form,
ds2ES = dT
2−a2
[
dχ2+sin2 χ
(
dθ2 + sin2 θdΦ2
) ]
, (4.30)
where a is a constant (the radius of the static Ein-
stein universe), and T ≡ A1t and Φ ≡ C1ϕ, with
T ∈ (−∞,∞), χ ∈ [0, pi], θ ∈ [0, pi], and Φ ∈ [0, 2pi).
It is clear that (4.30) represents a static universe with
R × S3 topology. One can apply a similar coordinate
transformation to the LT solutions with the identifica-
tions of r = 0 and r = pi/(2β). Then, one can consider
the Einstein static universe as the internal spacetime of
a ball with radius, say, a1, while the spacetime outside
of the spherically symmetric ball is given by the LT so-
lutions.
In addition, in [57], the authors considered the match-
ing of an elastic matter to the LT solutions and found
that such a matching is possible for both Λ > 0 and
Λ < 0, but it is impossible for Λ = 0. On the other hand,
in [58] the matching, across cylindrical surfaces, of static
cylindrically symmetric conformally flat spacetimes with
a cosmological constant, satisfying regularity conditions
at the axis, to an exterior LT spacetime was studied, and
it was found that for Λ ≤ 0, such matching is impossible,
while the one with Λ > 0 is possible.
In the case Λ < 0, for the black holes solutions (with
σ = ±1/2) it was first shown [332] that they can be pro-
duced by gravitational collapse of type-II fluid [177]. In
[347], the junctions of the LT solutions with (σ−,Λ−, C−)
with the ones with (σ+,Λ+, C+) were considered with a
matter shell appearing on the matching surface.
It should be noted that the matching given in [57, 347]
for Λ > 0 faces the problem that a spacetime singularity
still exists at r = pi/(2β) in the LT spacetime.
V. STATIC CYLINDRICAL SPACETIMES
WITH PERFECT FLUIDS
Static perfect fluid distributions with cylindrical (as
well as planar) symmetry are rather widely discussed in
the literature. This allows for approximately considering
the fields of bodies whose shape is drastically nonspher-
ical (e.g., like rods) avoiding substantial mathematical
difficulties of more general geometries. In a number of
papers (see [210, 231, 273] and references therein) so-
lutions of this kind were obtained for special choices of
matter equations of state (EoS) or for some restricted
forms of the metric. In [140] the problem of finding such
solutions for an unspecified EoS was reduced to a single
second-order ordinary differential equation with two un-
known functions, and for the most frequently used EoS,
p = wρ, w = const, to a first-order equation integrable
only numerically. In [300] the problem was solved com-
pletely for disordered radiation (w = 1/3). In a more
general form the problem was solved in [64, 77] both for
fluids with an arbitrary EoS and for p = wρ.
Later there appeared a number of studies (e.g., [33,
188, 262]) discussing global properties of static, cylindri-
cally symmetric perfect fluid configurations. This actu-
ally already began in [77], considering systems with both
cylindrical and (pseudo)planar symmetries.
In the recent years, owing to new discoveries in astron-
omy, fluids with unusual EoS attracted much attention,
including those with negative pressures and even those
with w = p/ρ < −1, the so-called phantom ones. Such
cylindrically symmetric distributions were considered in
[68]. In this section we describe the main results of these
studies mostly following [68, 77]. However, some of the
relationships and observations are new.
A. General consideration
We write the static, cylindrically symmetric metric in
the form (A.1)
ds2 = e2γdt2 − e2αdx2 − e2µdz2 − e2βdϕ2, (5.1)
and choose the harmonic radial coordinate such that
(A.4)
α(x) = γ(x) + β(x) + µ(x). (5.2)
Einstein’s equations (1.13) for the metric (5.1) then take
the following simple form:
β′′ + µ′′ − µ′β′ − µ′γ′ − β′γ′ = −κT 00 e2α, (5.3)
µ′β′ + µ′γ′ + β′γ′ = −κT 11 e2α, (5.4)
µ′′ + γ′′ − µ′β′ − µ′γ′ − β′γ′ = −κT 22 e2α, (5.5)
γ′′ + β′′ − µ′β′ − µ′γ′ − β′γ′ = −κT 33 e2α, (5.6)
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where the prime denotes d/dx, and we take T νµ as the
stress-energy tensor of a perfect fluid in its comoving ref-
erence frame, so that the 4-velocity is uµ = ( e−γ , 0, 0, 0):
T νµ = (p+ ρ)uµu
ν − δνµp = diag(ρ,−p,−p,−p). (5.7)
The conservation law ∇µT νµ = 0 implies
p′ + γ′(p+ ρ) = 0. (5.8)
For a cylindrically symmetric matter distribution, a
natural boundary condition is regularity on the symme-
try axis where r2 ≡ e2β = −g33 → 0 (the coordinate
circles shrink to a point). In terms of the metric (5.1),
this condition reads
γ = γ0 +O(r
2), µ = µ0 +O(r
2), e−2αr′2 = 1 +O(r2),
(5.9)
where the last condition is the requirement of a correct
circumference to radius ratio (2pi) for small coordinate
circles near the axis. As to the other end of the range
of x, there can be a matching condition with some ex-
ternal solution or some requirement to the behavior of
variables as r → ∞. It is necessary to note that if the
external solution is the vacuum (LC) one, then match-
ing on the boundary requires p = 0, which restricts the
choice of possible EoS. On the other hand, one could re-
quire asymptotic flatness at infinity, but this is hard to
achieve since the total mass of a cylindrically symmetric
configuration is, in general, infinite due to its being in-
finitely extended in the z direction. Even the LC metric is
asymptotically flat only if it is completely flat. If cylindri-
cal symmetry is approximate and valid only in a certain
neighborhood of an extended body, then the asymptotic
flatness requirement applies to regions far outside this
neighborhood.
Before considering particular solutions, let us make
some general observations.
If the EoS p = p(ρ) is not unspecified, there are four
Einstein equations for five unknowns β, γ, µ, ρ and p, or,
equivalently, three independent Einstein equations and
the hydrostatic equilibrium condition (5.8), and one un-
known function may be chosen arbitrarily. This makes
possible obtaining a formal general solution with an ar-
bitrary function.
Indeed, the difference of (5.5) and (5.6) yields
β′′ = µ′′ ⇒ µ = β + a1x+ a2, a1, a2 = const. (5.10)
Furthermore, the difference of (5.4) and (5.5) can be writ-
ten as
η′′ − 2a1η′ − 2η′2 + 2γ′2 = 0, η ≡ β + γ, (5.11)
and γ(x) is easily found by integration if we take η(x)
as an arbitrary function. Thus the metric is completely
determined. The quantities ρ(x) and p(x) are then ob-
tained directly from Einstein’s equations, and the EoS is
thus found in a parametric form.
On a regular axis it should be finite µ while β → −∞,
hence a1 6= 0, and the axis is located at x = +∞ if a1 > 0
and at x = −∞ if a1 < 0. Examples of solutions with a
regular axis will be presented below.
B. Solutions for p = wρ, the general case
With the EoS p = wρ, w = const, the condition (5.8)
leads to
ρ = ρ0 e
−(w+1)γ(x)/w, p = wρ0 e−(w+1)γ(x)/w, (5.12)
for w 6= 0, where ρ0 = const > 0. At w = 0 the tensor
(5.7) would correspond to dust which cannot be in static
equilibrium under pure gravitational forces, so we assume
w 6= 0.
From (5.5), (5.6) we have, as before, (5.10), and we
take it in the form
µ(x) = β(x) + a1x− ln r0, (5.13)
where the arbitrary constant r0 with the dimension of
length will determine a length scale. Another linear com-
bination of (5.3)–(5.6) then leads to
(1 + 3w)β′′ + (1− w)γ′′ = 0. (5.14)
The simpler cases 1 + 3w = 0 and 1 − w = 0 will be
considered separately. Assuming that these quantities
are nonzero, we can write
β(x) =
(w − 1)
(3w + 1)
γ(x) + b1x+ b2 + ln r0, b1, b2 = const,
(5.15)
and put b2 = 0 by properly choosing the zero point of
x. With (5.13), (5.15) and (5.2), all metric functions are
expressed in terms of γ(x). The latter can be determined
using the first-order equation (5.4) after proper substitu-
tions.
Let us denote
A = 7w2 − 6w − 1 B = A
w(3w + 1)
, (5.16)
2η(x) = Bγ(x) + 2ax. (5.17)
Then (5.4) leads to the equation
4η′2(x) =
A
w2
[
κwρ0r20 e2η(x)
+
4w2
A
(a1 + 2b1)
2 − b1(a1 + b1)
]
, (5.18)
which is easily solved by quadratures to finally yield all
unknown functions. Thus under the conditions w 6=
0, 1,−1/3,−1/7 (A 6= 0, B is finite) the solution is com-
pletely obtained analytically, though its particular form
depends on the values of w and the integration constants
a1, b1.
One can show that perfect fluid distributions with
p = wρ cannot behave as isolated systems in space, such
as threads, tubes or cosmic strings. To verify that, let
us write the corresponding conditions at spatial infinity,
x→ x∞, such that
r(x) ≡ eβ(x)
∣∣∣
x=x∞
=∞. (5.19)
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The metric (5.1) has a flat or string spatial infinity as
x→ x∞ if
|γ| <∞, |µ| <∞, e2β−2αβ′2
∣∣∣
x→x∞
→ 1− ξ, (5.20)
where ξ = const. If ξ = 0, we have asymptotic flatness,
at 0 < ξ < 1 there is a deficit of the angle ϕ (the surfaces
z = const asymptotically behave as cones rather than
planes, it is a feature of cosmic string behavior), while at
ξ < 0 there is an angular excess: this is a cosmic string
with negative linear density.
In our solutions, if w 6= −1/3, from (5.15) it follows
that γ can be finite while β → ∞ only if b1x → ∞.
Assume without loss of the generality b1 > 0, so x∞ =∞.
Then (5.13) shows that |µ| < ∞ requires a1 = −b1, and
as x→∞, η(x) ≈ b1x. Then the left-hand side of (5.18)
tends to a constant while the right-hand side infinitely
grows. This contradiction shows that our assumption
was wrong, and a flat or string-like asymptotic behavior
of our solutions is impossible.
1. Solutions with a regular axis
Let us find explicitly, without fixing w, perfect fluid
configurations with a regular symmetry axis. On such
an axis we should simultaneously have β → −∞ and
finite µ and γ, which is only possible if b1x → −∞ and
a1 + b1 = 0. Assuming without loss of generality b1 =
−a1 = a > 0 (so that the axis corresponds to x→ −∞),
we can rewrite (5.18) in the form
η′2 = a2 −K e2η, K := −κρAr
2
0
4w
. (5.21)
Let us further assume that the fluid density is positive,
hence ρ0 > 0, then K > 0 for the values of w
0 < w < 1, or w < −1/7. (5.22)
Then (5.21) is integrated to give
eη(x) =
a√
K cosh(ax)
, eγ(x) =
(
1 + e2ax
)−2/B
a
3w+1
4w ,
(5.23)
where we have suppressed the emerging integration con-
stant by choosing the zero point of x.
The next step is to apply the third regularity condi-
tion (5.9), taking into account that γ′(−∞) = 0 and
β(−∞) = a. We obtain
4a2
K
= aA/(4w
2) ⇒ a =
(
K
4
) 4w2
w2+6w+1
=
(−Aκρ0r20
16w
) 4w2
w2+6w+1
,
(5.24)
where K is defined in (5.21). This completes the solution.
So γ(x) is given in (5.21), while the other metric functions
are
µ(x) =
(w − 1)
(3w + 1)
γ(x), β(x) =
(w − 1)
(3w + 1)
γ(x) + ax+ ln r0,
α(x) =
(5w − 1)
(3w + 1)
γ(x) + ax+ ln r0. (5.25)
The metric takes a simpler form in terms of the new
radial coordinate y = eax, such that y = 0 is the axis and
y = ∞ is spatial infinity. Rescaling the time coordinate
so that g00 = e
2γ = 1 on the axis, we obtain
ds2 =
(
1 + y2
)s0
dt2 − a(w−1)/(2w)
[(
1 + y2
)s1
r20dy
2
−(1 + y2)s2(dz2 + r20y2dϕ2)],
s0 = − 4
B
= − 4w(3w + 1)
(7w + 1)(w − 1) ,
s1 = − 4w(5w − 1)
(7w + 1)(w − 1) ,
s2 = − 4w
7w + 1
, (5.26)
with a given in (5.24), and the density ρ and pressure p =
wρ are determined by (5.12). The solution is valid for all
w ∈ (0, 1) and w < −1/7. Its properties strongly depend
on w, so in what follows we discuss this dependence as
well as some particular values of w.
One should notice that (5.24) is meaningless if w2 +
6w + 1 = 0 ⇒ w = −3 ± √8, so the constant a can-
not be determined and remains arbitrary. It means that
for these values of w (approximately −0.16 and −5.84)
the axis with finite γ and µ cannot be regular and is
inevitably a conical-type singularity.
If w ∈ (0, 1), then both the circular radius r = √−g33
and the temporal metric component g00(y) are increasing
functions, so the gravitational field attracts test particles
towards the axis, while both ρ and p are positive and
decrease with growing r.
However, with negative pressures (w < 0) things are
much more diverse at large x (or y = eax). Let us present
for different w the large x behavior of the metric coeffi-
cients g00 = e
2γ (describing an attractive or repulsive
nature of gravity at large x) and r2 ≡ e2β (squared cir-
cular radius), the fluid density, and the convergence or
divergence of some integral characteristics of the solution:
L =
∫
eαdx (the total length along the radial direction),
V = 2pi
∫
eα+µ+βdx (the total volume per unit length
along the symmetry axis), and
E = 2pi
∫
ρ(x) eα+µ+βdx (the total fluid energy per unit
length along the symmetry axis).
Note that, up to a positive constant factor,
eα+µ+β ∼ exp
[
2(1 + 7w2)
(1− w)(1 + 7w) ax
]
,
ρ eα+µ+β ∼ exp
[
− 2(1 + 8w − w
2)
(1− w)(1 + 7w) ax
]
. (5.27)
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TABLE I: The large x behavior for different w, where F
means finite.
Parameters: e2γ r2 ρ L V E
0 < w < 1 ∞ ∞ 0 ∞ ∞ F
− 1
3
< w < − 1
7
∞ 0 ∞ F F F
−1 < w < − 1
3
0 ∞ 0 F F F
w = −1 0 ∞ F F F F
w < −1 0 ∞ ∞ F F F
The large x behavior of these parameters is presented
in the Table II.
We see that in the range −1/3 < w < −1/7 we obtain
a closed type geometry with one regular axis and an-
other singular one. All solutions with negative pressure
(w < 0) describe geometries with a finite volume of space
per unit length along the axis, and in all cases under con-
sideration the corresponding total fluid energy is finite.
In the phantom range w < −1 the density grows with
growing radius, much like the phantom energy behavior
in cosmology.
C. Solutions for particular values of w = p/ρ
1. Stiff matter, w = 1
In this case, A = (7w + 1)(w − 1) = 0, and the above
scheme does not work, but (5.12)–(5.14) are valid and
lead to
β(x) = b1x+ ln r0, µ(x) = (a1 + b1)x,
α(x) = γ(x) + ax+ ln r0, a := a1 + 2b1, (5.28)
where, as before, r0 = const specifies the length scale,
while from (5.4) we get the equation aγ′(x)+(a1+b1)b1 =
κρ0 e2ax for γ(x), whence (provided a 6= 0)
γ(x) =
κρ0
2a2
e2ax − b1(a1 + b1)
a
x,
α(x) = γ(x) + ax+ ln r0.
(5.29)
If a = 0 (that is, a1 = −2b1), then (5.4) reduces to a
relation between constants, −2b21 = κρ0r20, incompatible
with ρ > 0, not to be considered.
If b1 > 0, a symmetry axis ( e
β → 0) corresponds to
x→ −∞. As in the general case, to have finite γ(x) and
µ(x) as x → −∞, we need a1 + b1 = 0, so b1 = a > 0,
and
µ(x) ≡ 0, β(x) = ax+ ln r0,
γ(x) =
κρ0
2a2
e2ax,
α(x) =
κρ0
2a2
e2ax + ax+ ln r0. (5.30)
From the third axis regularity condition (5.9) it fol-
lows a = 1, and the solution with a regular axis even
more simplifies. It is conveniently written in terms of the
coordinate r = r0e
x:
ds2 = eκρ0r
2
(dt2 − dr2)− dz2 − r2dϕ2, (5.31)
ρ = p = ρ0 e
−κρ1r2 . (5.32)
Consider the fluid energy distribution in stiff matter for
the solution (5.25), (5.26). The density is T 00 = ρ = ρ0
at r = 0, and it quickly decays as r → ∞, being thus
localized near the axis. Let us find the energy per unit
length along the z axis:
E = 2pi
∫ ∞
0
T 00
√
−3g dr = 2pi
κ
=
1
4G
, (5.33)
where 3g = − e2α+2β+2µ is the determinant of the spatial
metric, and G is the Newtonian gravitational constant.
Thus the total energy per unit length along z does not
depend on ρ0 and is of the order of Planck linear density.
2. Disordered radiation, w = 1/3
It is a special case of the above general solution: in
particular, A = −20/9, B = −10/3. From (5.13)–(5.18)
we find
β(x) = −1
3
γ(x) + b1x+ ln r0,
µ(x) = −1
3
γ(x) + (a1 + b1)x,
α(x) =
1
3
γ(x) + ax+ ln r0, (5.34)
where a = a1 + 2b1, and e
γ(x) is found using (5.18) as:
eγ(x) =
[
κρ0r20
3h2
cosh2(
√
5hx)
]3/10
exp
(3
5
ax
)
,
h ≡
√
a2
5
+ b1(a1 + b1). (5.35)
A regular axis at x = −∞ is obtained with a1 + b1 =
0, a = b1 > 0, and the third regularity condition (5.9)
requires a special value of a. Indeed, as x→ −∞,
e−2αr′2 = e2β−2αβ′2 →
(
12a2
5κρ0r20
)2/5
= 1,
⇒ a =
(
5κρ0r20
12
)1/7
. (5.36)
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In terms of y = eax, so that 0 < y < ∞, we obtain the
metric (5.26) with
s0 = 6/5, s1 = 2/5, s2 = −2/5, (5.37)
so that
ds2 = (1 + y2)6/5dt2 − a−1
[
(1 + y2)2/5r20dy
2
−(1 + y2)−2/5(dz2 + r20y2dϕ2)
]
,
ρ = 3p = ρ0(1 + y
2)−12/5. (5.38)
This solution coincides with the one presented in [64, 77,
300].
The fluid energy density ρ is finite on the regular axis
and vanishes as y → +∞. The total fluid energy per unit
coordinate length ∆z along the z axis is finite:
E =
2pir20
a3
∫ ∞
0
ρ(1 + y2)−1/5ydy
=
2piρ0r
2
0
a3
∫ ∞
0
(1 + y2)−13/5y dy
=
5piρ0r
2
0
8a3
. (5.39)
However, since eµ = (1+y2)−1/5 vanishes at large y, this
finite energy belongs to a vanishing asymptotic length
eµ∆z, and it looks meaningless to speak of its localiza-
tion.
3. A gas of cosmic strings, w = −1/3
It is a special case excluded in (5.15)–(5.18), but we
can use (5.12)–(5.14) and write (choosing proper scales
along the z and t axes)
µ = β+a1x− ln r0, γ = b1x, a1, b1, r0 = const, (5.40)
where, as before, r0 is an arbitrary length scale. Substi-
tuting this into (5.4), we obtain an equation for β(x):
β′2 + aβ′ + a1b1 = −κρ0
3r20
e4β+2ax, (5.41)
preserving the previous notation a = a1 + 2b1. Already
from (5.36) we can conclude that a regular axis is im-
possible in this system. Indeed, since on such an axis
|γ| < ∞, it should correspond to finite x. But then it is
impossible to have simultaneously |µ| <∞ and β → −∞.
Equation (5.37) can be rewritten as
η′2 = a21+4b
2
1−
4κρ0
3r20
e2η(x), η(x) := 2β(x)+ax. (5.42)
It is easily solved, leading to
e2β(x) =
√
3r20
4κρ0
h e−ax
cosh(hx)
, h =
√
a21 + 4b
2
1. (5.43)
This completes the solution. The range of x is x ∈ R. It
is easy to verify that the nature of the geometry described
depends on the product a1b1:
(a) If a1b1 > 0, then h < |a|, hence there is a (singular)
axis (eβ → 0) on one end of the range of x and a spatial
infinity (eβ →∞) on the other.
(b) If a1b1 < 0, then h > |a|, hence there are two
singular axes at x→ ±∞.
(c) If a1b1 = 0, then h = |a| > 0, hence there is a
singular axis on one end and a finite radius on the other,
r = eβ → const, where, however, either µ(x) or γ(x)
tends to infinity, depending on which of the constants
a1, b1 is nonzero and which sign it has.
Thus a gas of disordered cosmic strings can create dif-
ferent geometries depending on the parameter values,
which actually express different boundary conditions.
However, none of these geometries is nonsingular.
4. A cosmological constant, w = −1
In this case, ρ = −p = Λ/κ = const. It is again a
special case of the general solution, such that A = 12,
B = 6, and η = 3γ + ax. We have
β(x) = γ(x) + b1x+ ln r0,
µ(x) = γ(x) + (a1 + b1)x,
α(x) = 3γ(x) + ax+ ln r0, (5.44)
where a ≡ a1 + 2b1. The function γ(x) is found from
(5.18) which now reads
η′2 = −3Λr20 e2η + a21 + 3b21 + 3a1b1. (5.45)
Its solution takes different forms depending on the sign
of Λ. This class of solutions is already discussed in detail
in other coordinates in section 4, so let us here focus
on Λ > 0 and the solution with a regular axis, which
corresponds to a1 + b1 = 0 and (assuming b1 = a > 0)
x→ −∞. We have
a =
4
3Λr20
, eγ(x) = eµ(x) =
√
a
(1 + e2ax)1/3
,
eβ(x) =
√
ar0 e
ax
(1 + e2ax)1/3
, eα(x) =
a3/2r0 e
ax
1 + e2ax
, (5.46)
In terms of the coordinate y = eax, ranging from zero to
infinity, the metric reads
ds2 =
4
3Λr20
[
dt2
(1 + y2)2/3
− r
2
0dy
2
(1 + y2)2
− 1
(1 + y2)2/3
(dz2 + r20y
2dϕ2)
]
. (5.47)
One could also easily describe examples of solutions
with phantom matter: w < −1, but this will hardly add
anything significant to the description of the more general
solution (5.23)–(5.26).
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D. Some further results
In this subsection we mention some results on perfect
fluids in static, cylindrically symmetric spacetimes, re-
lated to the content of the present section but go beyond
it.
Much effort has been devoted to finding the conditions
of matching cylindrical perfect fluid distributions with
external LC spacetime and an analysis of global prop-
erties of the obtained configuration. This problem was
already discussed in section 2, but here we find it appro-
priate to add some discussion.
Thus, in particular, in [262] it is shown that matching
is possible for −1/2 < σ < 1/2, (σ is the LC solution
parameter) but σ < 0 corresponds to a negative fluid
density. Global properties of cylindrical spacetimes are
discussed in [33], where analytical and numerical solu-
tions have been obtained for an incompressible fluid. The
existence and uniqueness of global solutions are shown for
rather general fluid EoS admitting nonvanishing density
at zero pressure. In [188], it is shown that conformally
flat internal solutions cannot be matched to an LC exte-
rior.
An interesting result is presented in [144]: assuming
that there is a regular axis, that the fluid has a nonnega-
tive density and that the integral
∫
dp/(ρ+p) from zero to
the pressure value on the axis converges, it is proven that
at some finite radius the pressure is zero, hence the fluid
distribution is finite in the radial direction and can be
matched with the LC vacuum solution. It generalizes a
theorem from [33]. Note that for fluid distributions with
w > 0 described above this integral diverges, and this
matching is impossible. On the other hand, as we saw,
fluids with w < −1/7 create spaces of finite 3-volume,
fill the whole space, and the total fluid energy per unit
length along the axis is finite.
A number of papers discuss cylindrically symmetric
perfect fluid distributions, which can be charged or neu-
tral, in the presence of scalar or/and electromagnetic
fields [64, 77, 205]. In [64, 77], it is shown how to ob-
tain perfect fluid solutions with elecrtomagnetic fields of
three possible directions admitted by the symmetry (see
section 3) as well as scalar fields using the inverse prob-
lem method, starting with certain combinations of metric
functions which can be chosen by hand. This freedom is
related to arbitrariness of the EoS and electric charge
or current or scalar charge distributions. The regular
axis conditions are also discussed there. In [205] differ-
ent kinds of electrically and scalarly charged cylindrically
symmetric perfect fluid distributions are discussed both
in static and stationary spacetimes, a number of exact
solutions are found and analyzed.
It is known that dust (p = 0) without charges can-
not maintain static equilibrium in its own gravitational
field. However, for electrically or scalarly charged dust
it is possible, and the corresponding solutions, in par-
ticular, cylindrically symmetric ones, are known [72, 73,
229, 256]. According to [229, 256], such static equilib-
rium configurations of arbitrary shape can only exist if
the mass density is everywhere equal (in proper units)
to the absolute value of the electric charge density: in
this way, the electric repulsion exactly balances the grav-
itational attraction. However, in the presence of a scalar
field with its charge density, the situation is not so strictly
determined, and an equilibrium is possible with different
relationships between the charge densities [72, 73]. Also,
in the framework of dilaton gravity (general relativity
coupled to dust, scalar and electromagnetic fields, and
the latter two interact in a gauge-invariant way), it has
been shown that cylindrical black holes are possible, but
cannot exist without negative energy density somewhere
in space [72, 73].
These are some important results concerning static,
cylindrically symmetric perfect fluid distributions in gen-
eral relativity.
VI. LEWIS VACUUM SPACETIME
A. Stationary cylindrical vacuum spacetime
The extension of the LC static cylindrically symmet-
ric vacuum spacetime to a stationary cylindrically sym-
metric vacuum spacetime was obtained independently by
Lanczos in 1924 [213] and Lewis in 1932 [219]. We con-
sider the spacetime described by the cylindrically sym-
metric stationary metric
ds2 = fdt2 − 2kdtdφ− eµ(dr2 + dz2)− ldφ2, (6.1)
where f , k, µ and l are functions only of r. The ranges of
the coordinates are −∞ < t <∞ for the time coordinate,
0 ≤ r < ∞ for the radial coordinate, −∞ < z < ∞ for
the axial coordinate and 0 ≤ φ ≤ 2pi for the angular
coordinate with the hypersurfaces φ = 0 and φ = 2pi
being identified. The coordinates are numbered x0 = t,
x1 = r, x2 = z and x3 = φ. The general vacuum solution
Rαβ = 0 for the metric (6.1), in the notation given by
[121] and [125], is
f = ar−n+1 − c
2rn+1
n2a
, k = −Af, eµ = r(n2−1)/2, ,
l =
r2
f
−A2f, A = cr
n+1
naf
+ b. (6.2)
The constants n, a, b and c can be either real or complex,
and the corresponding solutions belong to the Weyl class
or Lewis class, respectively. For the Lewis class these
constants are given by
n = im, a =
1
2
(a1 + b1)
2, b =
a2 + ib2
a1 + ib1
,
c =
m
2
(a21 + b
2
1), (6.3)
where m, a1, a2, b1 and b2 are real constants satisfying
a1b2 − a2b1 = 1. (6.4)
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The metric coefficients (6.2) with (6.3) become [125, 219]
f = r(a21 − b21) cos(m ln r) + 2ra1b1 sin(m ln r),
k = −r(a1a2 − b1b2) cos(m ln r)
−r(a1b2 + a2b1) sin(m ln r),
l = −r(a22 − b22) cos(m ln r)− 2ra2b2 sin(m ln r),
eµ = r−(m
2+1)/2. (6.5)
A simple deduction of the Lewis metric, where one
does not need to consider complex parameters to obtain
the Lewis class, is given in [153]. There a physical in-
terpretation of the field equations is also provided, which
permits to get some understanding of the four parameters
appearing in the Lewis solution (6.2). Another derivation
of the Lewis metric is given in [226] where it is extended
to Einstein’s spaces by including the cosmological con-
stant. It is found that three parameters are essential, of
which one characterizes the local gravitational field, while
the remaining two give information about the topological
identification made to produce cylindrical symmetry.
In Newtonian physics the potential due to a cylindrical
matter source, being static or stationary, has the same
dependence, that is, it depends only on one parameter,
the mass per unit length. For the static vacuum cylin-
drical field in GR the solution is the LC metric, the one
we studied in section 2, revealing two essential parame-
ters, while for the stationary cylindrical rotating source it
has, in its usual form, four parameters reducible to three
essential parameters [226].
In the next subsection we study the meaning of the
parameters appearing in (6.2).
B. The parameters of the Weyl class
The transformation [51]
dτ =
√
a(dt+ bdφ), (6.6)
dφ¯ = − 1
n
[cdt− (n− bc)dφ], (6.7)
casts the metric (6.1) with (6.2) into
ds2 = r1−ndτ2 − r(n2−1)/2(dr2 + dz2)− r
n+1
a
dφ¯2. (6.8)
This is locally the LC metric. Nevertheless, since φ = 0
and φ = 2pi are identified, τ defined in (6.6) attains a
periodic nature unless b = 0 [51]. On the other hand, the
new coordinate φ¯ ranges from −∞ to∞. A more detailed
account of this subject can be found in [292]. In order
to globally transform the Weyl class of the Lewis metric
into the static LC metric we have to make b = 0 and
c = 0. Note that in this case, from the transformations
(6.6) and (6.7), τ and φ¯ become respectively true time
and angular coordinates.
Hence we can say that b and c are responsible for the
non-staticity of this family of solutions of the Lewis met-
ric.
As mentioned previously, the Cartan scalars provide
the local characteristics of a metric. They are obtained
through the components of the Riemann tensor and its
covariant derivatives calculated in a constant frame. Two
metrics are equivalent if and only if there exist coordinate
and Lorentz transformations which transform the Cartan
scalars of one of the metrics into the Cartan scalars of the
other. By performing these calculations for both metrics,
the LC metric and the Weyl class of the Lewis metric,
we obtain that both are equivalent locally and indistin-
guishable, which confirms the coordinate analysis made
at the beginning of this subsection. Furthermore, we
showed that only the parameter n curves spacetime for
both, static and stationary Weyl class, metrics. However,
we shall see that the two metrics possess very different
topological behaviour.
Details of the calculations of the Cartan scalars are
given in [121].
Considering a cylindrical matter source for the Weyl
class metric consisting of a rigidly rotating anisotropic
fluid, one of Einstein’s field equations can be integrated.
This integration produces
fk,r − kf,r = ξr, (6.9)
where the commas stand for differentiation with respect
to r and ξ is an integration constant. Calculating the
rotation of the source as given in [121, 293] produces its
rotation magnitude given by ξ/(2feµ/2). Now using the
matching conditions on the surface of the source cylinder
as given by Darmois [119] we find,
c ≡ −ξ
2
. (6.10)
Note that this constant c is different from the speed of
light used in other places of this article. In fact, now it
measures the rotation of the cylindrical source, as can be
seen from (6.10).
In the Newtonian limit, the velocity term is negligible,
then from (6.10) c ≈ 0, and recalling (6.2), we find that
f = e2U . (6.11)
Then, the Newtonian potential is
U = 2σ ln r +
1
2
ln a, (6.12)
where σ is given by
σ =
1
4
(1− n). (6.13)
In Newtonian theory, (6.12) is the gravitational poten-
tial of an infinite uniform line mass with mass per unit
length σ. The constant (ln a)/2 represents the constant
arbitrary potential that exists in the Newtonian solution.
The metric (6.2) has infinite curvature, according to its
Cartan scalars, only at r = 0 for all n except n = ±1,
i.e., σ = 0 and 1/2. Thus the Weyl class metric has a
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singularity along the axis r = 0, then we can say that this
spacetime is generated by an infinite uniform line source
for 0 < σ < 1/2.
Considering the static limit for the Weyl class metric,
when n = 1 (σ = 0) and b = c = 0, we have from (6.2)
ds2 = dτ2 − dr2 − dz2 − r
2
a
dφ2, (6.14)
which is the limit of the LC metric when σ = 0. In
Section 2 it has been pointed that it generates strings
when a > 1 with mass per unit length µ = δ/4 and
how a is directly linked to the gravitational analog of the
Aharonov-Bohm effect [133].
Considering c = 0 and n = 1 (σ = 0) in (6.2) we have
ds2 = dτ2 + 2b
√
adτdφ− dr2 − dz2 −
(
r2
a
− b2a
)
dφ2,
(6.15)
producing a locally flat spacetime. In this case (6.15) rep-
resents the exterior spacetime of a spinning string along
the axis of symmetry [196] with the same mass per unit
length µ = δ/4 but with angular momentum J given by
J = −b
√
a
4
, (6.16)
for a > 1.
It has been shown [196] that a quantum scalar parti-
cle moving around a spinning cosmic string as given by
(6.15), exhibits a phase factor proportional to J , in its an-
gular momentum. It is a reminiscence of the Aharonov-
Bohm effect. It is also worth mentioning that even if
b = 0, an Aharonov-Bohm like effect (of a different kind)
appears (as commented in the static case), since the an-
gular momentum spectrum differs from the usual one, if
only a > 1.
C. Geodesics for the Weyl class
The Weyl class of solutions is given by (6.1) with (6.2)
and all parameters being real, as shown above. Then,
for circular geodesics [186] r˙ = z˙ = 0, we find that
f,r t˙
2 − 2k,r t˙φ˙ − l,rφ˙2 = 0, where the dot stands for dif-
ferentiation with respect to an affine parameter s. The
geodesic angular velocity is defined by ω ≡ φ˙/t˙, and
the velocity of the test particle has only two nonzero
components, W t = kω/(f3/2 − √fkω) and Wφ =√
fω/(f − kω). For ω and W we obtain
ω =
c± nω0
n− b(c± nω0) , W =
(
crn
na ±W0
)(
1± crnnaW0
) , (6.17)
where ω0 is the LC angular velocity and W0 is the LC
tangential velocity,
ω20 =
(
1− n
1 + n
)
a2
r2n
, W0 =
1− n
1 + n
. (6.18)
We note that ω and W vanish for ω0 = ∓c/n and W0 =
∓crn/na, respectively, which are equivalent to say that
the free particle in the present case is simply static. This
could come about if the “centrifugal repulsion” balances
the gravitational attraction.
The geodetic motion of a particle along the axis of
symmetry z for metric (6.1) produces
z¨ =
1− n2
2
r˙z˙
r
. (6.19)
It is interesting to note that for this geodesic the param-
eters b and c, due to the stationarity of spacetime, do
not appear in (6.19) and in fact it is indistinguishable
from its static limit, the LC spacetime. There is a force
that tends to damp the motion along the axis, z¨ < 0,
whenever the particle approaches the axis, r˙ < 0, and
reverses this tendency in the opposite case. In the flat
case, n = 1 or σ = 0, such an effect vanishes, exposing
its non-Newtonian nature.
For quasi-spherical objects it has been shown [183] that
positive radial acceleration can be produced along its axis
of symmetry.
It is also worth noticing that non-Newtonian forces,
parallel to the z axis, also appear in the field of axially
symmetric rotating bodies [48]. However, the force paral-
lel to z in [48], unlike the current case, is directly related
to the spin of the source. For the Kerr black hole, it
is shown that particles, produced by a Penrose process,
can be ejected from the ergosphere surface, covering the
black hole through repulsive gravitational fields. In this
case too, unlike in the Lewis spacetime, the gravitational
repulsion is created by the spin of the Kerr black hole.
These ejected particles are highly collimated and might
be a mechanism for the observed extragalactic jets [154–
157, 255].
D. The parameters of the Lewis class
Using the transformation
dφ = dφ¯+ ωdt, ω = −k
l
, (1.20)
the metric (6.5) can be diagonalized. In order to have an
integral coordinate transformation ω must be constant;
therefore, from (6.5), m = 0. This implies, from (6.3),
that n = 0 and c = 0. Thus the line element becomes
ds2 = − r
a22 − b22
dt2 − dr
2 + dz2√
r
− r(a22 − b22)dφ¯2. (1.21)
This is a particular case of the static LC metric with the
energy density per unit length σ given by (6.13) being
equal to 1/4. Nevertheless, the transformation (1.20) is
not global, since the new coordinate φ¯ ranges from −∞
to ∞, instead of ranging from 0 to 2pi [121, 292].
Considering, as in the case of the Weyl class, a rigidly
rotating anisotropic fluid, one of the Einstein field equa-
tions can be integrated producing (6.9). With (6.5) the
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matching conditions given by Darmois [119] yield
ξ = −m(a21 + b21), (1.22)
and so
c = −ξ
2
. (1.23)
Hence, in order to have the rotation equal to zero, i.e.
ξ = 0, we need m = 0 since a21 + b
2
1 6= 0.
Observe the difference, at this point, between the Weyl
class and the Lewis class. In the latter the vanishing of
the rotation yields a locally LC spacetime, whereas in the
former the vanishing of the rotation does not necessarily
imply that the metric can be reduced either globally or
locally to a static spacetime.
For the Cartan scalars that produce the local charac-
teristics of a metric, we have the following results for the
Lewis class. In the Lewis class as in the Weyl class, only
the constant n appears in the Cartan scalars. Never-
theless, now n must be substituted by its complex value
(6.3) im. However, contrary to the Weyl class, the Car-
tan scalars for the Lewis class are distinguishable from
the LC metric, except for m = 0. Furthermore, there is
no value of m for which the Cartan scalars are all zero,
implying at once that the Lewis class does not include
the Minkowski spacetime as a special case. This fact im-
plies too that there must be a lower limit to the energy
per unit length of its source. The Cartan scalars impose
a upper bound on the parameter m, given by
m ≤
√
3, (1.24)
since for larger values of m than this, the singularity is
at r =∞ and not at r = 0.
E. Sources producing Lewis spacetime
In a fine paper, well ahead of his time, as observed by
Bill Bonnor [46], in 1937 van Stockum [308] completely
solved the problem of a rigidly rotating infinitely long
cylinder of dust, including the application of adequate
boundary conditions. The solution is a remarkable one.
The metric for the interior is simple and unique, depend-
ing on one parameter, w in our notation. But for the
vacuum exterior, r > R, where R is the coordinate ra-
dius of the cylinder, there are three cases depending on
the mass per unit length of the interior. For the metric
(6.1) we have the following results.
Case wR < 1/2:
f = −r
[
2β cosh(2N ln r) +
α2 + β2
α
sinh(2N ln r)
]
,
k = −r
[
cosh(2N ln r) +
β
α
sinh(2N ln r)
]
,
eµ = λ
( r
R
)(4N2−1)/2
, l =
r
α
sinh(2N ln r), (1.25)
with,
N =
1
2
(1− 4w2R2)1/2, α = (1− 4w
2R2)1/2
2w3R4
,
β = −1− 2w
2R2
2w3R4
, λ = e−w
2R2 . (1.26)
Case wR > 1/2:
f = r
[
2β sin(2N ln r) +
α2 − β2
α
cos(2N ln r)
]
,
k = r
[
sin(2N ln r)− β
α
cos(2N ln r)
]
,
eµ = λ
( r
R
)−(4N2+1)/2
, l =
r
α
cos(2N ln r), (1.27)
with,
N =
1
2
(4w2R2 − 1)1/2, α = (4w
2R2 − 1)1/2
2w3R4
,
β =
2w2R2 − 1
2w3R4
, λ = e−w
2R2 . (1.28)
For the case wR = 1/2 one obtains the relations from
the limits either from wR < 1/2 or wR > 1/2 which are
equal. The solution for wR < 1/2 belongs to the Weyl
class and its real parameters n, a, b and c assume the
values
n = (1− 4w2R2)1/2, a = (α− β)
2
2α
,
b = ± 1
α− β , c =
α2 − β2
α
N. (1.29)
The solution wR > 1/2 belongs to the Lewis class and its
real parameters m, a1, a2, b1 and b2 assume the values
m = (4w2R2 − 1)1/2, a1 = β
b1
, a2 = − 1
b1
,
b1 = (−α)1/2, b2 = 0. (1.30)
For the Weyl class we have the Newtonian mass per
unit length given by σ = (1 − n)/4, which implies, for
case wR < 1/2, from (1.29),
σ =
1
4
[
1− (1− 4w2R2)1/2
]
. (1.31)
Hence (1.31) establishes a lower limit for σ in the Lewis
class and being σ = 1/4. This value σ = 1/4 is the fron-
tier between the Weyl class metric and the Lewis class
metric, at least for the rotating dust solution obtained
by van Stockum [308].
For the Lewis class metric the Cartan scalars, as it was
remarked, do not admit the Minkowski spacetime. This
is in accordance with the existence of a lower limit for
σ in the van Stockum solution wR > 1/2, since with a
lower limit the source cannot be made a vacuum, and
therefore the exterior solution cannot be Minkowski.
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The Cartan scalars also impose a upper bound on the
parameter m, given by
m ≤
√
3, (1.32)
since for values of m larger than this, the singularity is at
r = ∞ and not in r = 0. When we substitute this value
in (1.30), considering the equality, we have wR = 1.
Van Stockum solution is studied at length in [46],
its properties concerning gravitoelectric and gravitomag-
netic fields in [48], its confinement properties in [253], its
extension to nonrigid rotation in [52]. A range of sta-
tionary cylindrically symmetric perfect fluids sources are
presented in [293], a rigidly rotating dust coupled with a
thin disk is found in [126], and an anisotropic cylindrical
stationary source can be found in [127].
Another source that consists of an infinitely rotating
thin shell was constructed in [259], in which the space-
time inside the shell is a constantly rotating Minkowski
spacetime so the symmetry axis is well defined, and the
shell satisfies all the energy conditions, the weak, strong
and dominant [177]. Later, this problem was studied in
details in [123], and shown explicitly that the parame-
ters a appearing in (6.2) and σ defined in (6.13) must
be restricted to the ranges 0 ≤ σ ≤ 1/4 for a > 0 or
1/4 ≤ σ ≤ 1/2 for a < 0, in order to have no CTC’s out-
side of the shell and meanwhile all the energy conditions
hold.
F. Rotation and translation of cylinders
In GR we show that the vacuum field produced by a
rotating mass cylinder is mathematically closely related
to the field produced by a translating mass cylinder along
its axis of symmetry. Nonetheless, its physical and geo-
metrical properties differ significantly since the relativis-
tic frame dragging for rotation and translation physically
differ considerably.
We assume the general cylindrically symmetric metric
with its source translating parallel to its axis of symmetry
given by
ds2 = Adt2 − 2Kdtdz −Bdρ2 −Cdz2 −Bρ2dφ2, (1.33)
with the usual properties of its coordinates and A, K,
B and C functions only of ρ. Making ρ = er and after
rescaling, the metric (1.33) can be written as
ds2 = fdt2 − 2kdtdz − eµ(dr2 + dφ2)− ldz2. (1.34)
The general vacuum solution for (1.34), with the z and
φ interchanged is the stationary Lewis metric. So, the
vacuum solution corresponding to (1.33) is simply the
Lewis solution with the coordinates z and φ interchanged.
Hence the metric coefficients in (1.34) are the same as in
(6.2).
In spite of the mathematical similarity between the
vacuum solutions for the fields produced by rotating and
translating cylinder filled with perfect fluid they differ
substantially. Unlike the rotating case, the translating
cylinder cannot be filled with pressure free dust, as there
is nothing here equivalent to a centrifugal force that
would prevent the matter collapsing to the axis. The
pressure must therefore be nonzero. Furthermore, unlike
the rotating case where matter can be rigidly rotating,
which means with shear free rotation, the translating
matter case if translating rigidly can always be trans-
formed to a frame where the system is static [170].
The field of a cylinder of matter that is in translational
motion along its length has not been studied in detail,
and any differences with the static case are unknown. It
is therefore of interest to determine whether or not frames
are dragged by motion along the cylinder in a way similar
to that in which they are dragged around it.
VII. LEWIS VACUUM SPACETIME
COUPLED WITH A COSMOLOGICAL
CONSTANT
A. Stationary cylindrical vacuum spacetime with
cosmological constant
Santos [275] in 1993 gave a set of solutions for sta-
tionary cylindrically symmetric spacetimes of the Lewis
[219] form, published in 1932, with a cosmological con-
stant. Krasinski [207] had previously given these solu-
tions, but in a different form by using coordinates in
which the static limit is hard to obtain. The solutions
obtained by Santos are reexamined by MacCallum and
Santos [226] in 1998 where they make some remarks on
the problem of the definition of cylindrical symmetry and
they find too the essential parameters of the solutions.
We consider the cylindrically symmetric spacetime
metric in the form
ds2 = fdt2 − 2kdtdφ− dr2 − eµdz2 − ldφ2, (7.1)
where f , k, µ and l are functions of r only. The ranges of
the coordinates are −∞ < t <∞ for the time coordinate,
0 ≤ r < ∞ for the radial coordinate, −∞ < z < ∞ for
the axial coordinate and 0 ≤ φ ≤ 2pi for the angular co-
ordinate with the hypersurfaces φ = 0 and φ = 2pi being
identified. The general solution for Einstein’s equations
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for (7.1), in the notation of [226], is
f = G
2/3
0
{
T 21 exp[2(p0 − 1/3)U ]
−X21 exp[2(p3 − 1/3)U ]
}
,
k = G
2/3
0
{
X1X2 exp[2(p3 − 1/3)U ]
−T1T2 exp[2(p0 − 1/3)U ]
}
,
eµ = G
2/3
0
{
Z2 exp[2(p2 − 1/3)U ]
}
,
l = G
2/3
0
{
X22 exp[2(p3 − 1/3)U ]
−T 22 exp[2(p0 − 1/3)U ]
}
, (7.2)
where the distinct metric solutions are given by
G0 =
cosh(
√
3|Λ|r)√
3|Λ| , Λ < 0, (7.3)
G0 =
exp(
√
3|Λ|r)√
3|Λ| , Λ < 0, (7.4)
G0 =
sinh(
√
3|Λ|r)√
3|Λ| , Λ < 0, (7.5)
G0 = r, Λ = 0, (7.6)
G0 =
sin(
√
3Λr)√
3Λ
, Λ > 0, (7.7)
with, respectively,
U = arctan | sinh(
√
3|Λ|r)|, Λ < 0, (7.8)
U = exp(−
√
3|Λ|r), Λ < 0, (7.9)
U = ln tanh[(
√
3|Λ|r)/2], Λ < 0, (7.10)
U = ln r, Λ = 0, (7.11)
U = ln tan[(
√
3Λ)/2], Λ > 0. (7.12)
The constants pj with j = 0, 2, 3 satisfy∑
j
pj = 1,
∑
j
p2j =
2η + 1
3
, (7.13)
with η = −1, 0, 1, 1, 1, respectively, for (7.3-7.7). Note
that for η = 0 the only real solution is pj = 1/3 for all
j; other cases with η = 0 and all cases with η = −1, will
have complex values of pj . The resulting general metric
for a stationary cylindrically symmetris Einstein space
can be assumed with, say, p2 to be real, which leaves with
the possibility of complex p0 and p3. The periodic char-
acter of φ can be taken to be specified by the parameters
T2 and X2. Hence the essential parameters describing
the metric (7.2) are T2, X2, p2 and the cosmological con-
stant Λ. The inessential free parameters T1, X1, R and Z
may be required in order to match the metric to an inte-
rior by using the appropriate matching conditions. The
case k = 0 in (7.2) is reducible to the static cylindrically
symmetric LT solutions studied in Section 4. For further
analysis of the limits and properties of the metric (7.2)
see [226].
Before proceeding further, we note that in [275] the
above solutions were presented in a slightly different
form. In particularly, the function G was given by,
G =

C1 cosh (ϕ) + C2 sinh (ϕ) , Λ < 0,
C1 + C2r, Λ = 0,
C1 cos (ϕ) + C2 sin (ϕ) , Λ > 0,
(7.14)
where ϕ ≡ √3|Λ| r, and C1 and C2 are two arbitrary
constants. However, using the transformation r′ = r−r0,
where r0 is a constant, it can be seen that such given G
can be always brought to the forms given by (7.3)-(7.7)
by properly choosing r0 [226].
B. A source producing stationary cylindrical
vacuum spacetime with cosmological constant
Bonnor et al. [51] and Griffiths and Santos [169] have
identified a family of compound spacetimes for which the
interior of an infinite cylinder of finite radius is described
by the Go¨del solution [161]. They showed that this can be
matched to a vacuum exterior obtained by Santos [275].
The resulting spacetime is cylindrically symmetric and
stationary.
The perfect fluid solution obtained by Go¨del [161] can
be expressed in comoving coordinates in the cylindrical
form
ds2 = dt2 +
2
√
2
ω
sinh2(ωr)dtdφ− dr2 − dz2
− 1
ω2
[sinh2(ωr)− sinh4(ωr)]dφ2, (7.15)
where ω is an arbitrary constant and the coordinates r, φ
and z have the same range as in (7.1). The coordinate r
may be interpreted as the proper distance from a regular
axis at r = 0, and the rotational symmetry of the metric
(7.15) about the axis can be clearly seen. The fluid four
velocity is uα = (ut, 0, 0, 0), and the constant mass den-
sity ρ (the pressure p = 0) and cosmological constant Λ
are given by
8piρ = 4ω2, Λ = −2ω2. (7.16)
This implies that the fluid density is positive and the
cosmological constant negative. The metric has no cur-
vature singularities and its form explicitly reduces to a
vacuum Minkowski spacetime in the slow rotation limit,
ω → 0. This solution may be interpreted as describing a
homogeneous spacetime with a fluid source that is rigidly
rotating. In the Newtonian analogue of such a situation,
relative to any point, there will exist a cylinder of finite
radius around the axis of rotation on which the particles
of the fluid would move at the speed of light. For all
points outside this cylinder, the particles of the classical
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fluid will be moving faster than light. Such a situation
is not possible in a relativistic theory, but this feature is
reflected in the appearance of CTCs.
In fact, it can be seen from (7.15) that curves on which
t, r and z are constant are either spacelike or timelike ac-
cording to whether sinh2(ωr) is, respectively, less than or
greater than 1. They are null when ωr1 = 2
√
2. More-
over, since φ = 2pi is identified with φ = 0, these are
CTCs whenever r is larger than this value, but they are
not geodesics. Hence we consider that for the interior
cylinder ωr < 2
√
2.
Now we consider the matching of an interior cylinder
filled with a Go¨del fluid with its cylindrical surface de-
scribed by its proper radius 0 < rS < r1 and for its exte-
rior spacetime (7.1) with rS < r <∞. Both proper radii
in (7.1) and (7.15) are taken to be equal. Then, accord-
ing to the Lichnerowicz matching conditions, the metric
functions and their derivatives must be continuous across
the junction rS . By performing these long calculations
one obtains the different parameters of (7.1) expressed
in terms of the radius rS and the cosmological constant
Λ. It can be shown that asymptotically the spacetime
becomes the anti-de Sitter one, which is what one might
expect. Furthermore, this stationary system is expected
to be qualitatively similar to the van Stockum solution
studied in Section 6. For the details of the calculations
concerning this model see [51] and [169].
C. Geodesic motion, confinement and
extragalactic jet formation
Ubiquitous extragalactic jets appear in active galaxies
and various models have been suggested for their origin
[143]. A classic model is that of Blandford and Rees
[39, 40], in which a hot plasma is assumed to be steadily
generated at the center of the galaxy. The central object
is surrounded by a gravitationally confined rotating gas
cloud. The thermal pressure of this gas cloud constrains
the outflowing relativistic plasma within two oppositely
directed channels. An equilibrium flow is possible only if
the channel shape adjusts so that a nozzle forms where
the external pressure has dropped to one-half its central
value. The shape of the channel is assumed to adjust
itself to a de Laval nozzle. This configuration, with a
light fluid supporting a heavier fluid in a gravitational
field, is well known to be unstable.
In the studies of the geodesic motion of the van
Stockum solution [308], Opher, Santos and Wang found
that the test particles are always confined inside a finite
cylindrical shell, while their motion along the symmetry
axis is free [253]. This motivated them to argue that
the confinement of the test particles in the radial direc-
tion might provide another source for the extragalactic
jet formation. Their arguments go as follows: The grav-
itational field produced by jets usually is negligible com-
pared with the one produced by the matter at the center
of the galaxy. Thus, to the first-order approximation, it
is sufficient to model those jets as made of test particles.
Also, almost all the galaxies are rotating, as a first step,
one can model the center of a galaxy by a rotating cylin-
der. This approximation seems reasonable as long as the
gravitational field in the middle of the rotating galaxy is
concerned, though they admitted that it is indeed highly
simplified. Assuming that the above simplified model
can capture some essence of physics, one can see that the
confinement can be related to the jets.
Certainly, to have the above idea really work, more
realistic models should be built. Recently, such studies
were extended to the Kerr solution [154–157, 255], and
found that particles can be ejected from the ergosphere
surface through the repulsive gravitational fields, which
are created by the spin of the Kerr black hole. Again,
these ejected particles are highly collimated and might
provide a mechanism for the observed extragalactic jets.
In the following, using the five-parameter class of
Wright solutions [331] as an example, we shall show the
generic properties of the confinements of test particles in
rotating spacetimes. For this purpose, let us first note
that the Go¨del solution given by (7.15) belongs to one
of the two classes of solutions found by Wright in [331].
The other class of Wright solutions contains five free pa-
rameters, and can be cast in the form [258],
ds2 = dt2 + 2βdtdφ− δ2dr2 − γ2dφ2 − α2dz2, (7.17)
where
α = e−r
2
,
β = ±
(
A
B
)
r2 + C,
γ2 =
A2
2B2
r2 − Λ
B2
e−2r
2
+
D
B2
−
(
A
B
r2 ± C
)2
,
δ2 =
4r2e−2r
2
D + 12A
2r2 − Λe−2r2 , (7.18)
where A,B,C and D are four integration constants, and
Λ is the cosmological constant. The energy density and
four-velocity of the dust fluid are given by
ρ =
1
κ
(
A2e2r
2
+ 2Λ
)
, uµ = δµt , (7.19)
where κ is the Einstein coupling constant. In [258], it was
shown that three of these five parameters are completely
fixed by the elementary flatness condition (1.4) and the
existence of the symmetry axis (1.5), which lead to
B = a2 + Λ, C = 0, D = Λ, (7.20)
where a ≡ A/2. Setting
u = 2r2, ϕ =
φ
a2 + Λ
, (7.21)
it can be shown that the above Wright solutions with the
conditions given by (7.20) reduce precisely to the Lanc-
zos ones presented in [213], which represents the gravi-
tational field of a rigidly rotating dust cylinder coupled
with a cosmological constant, Λ.
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Then, the corresponding Lagrangian for test particles
reads,
L ≡ 1
2
(
t˙2 + 2βt˙φ˙− δ2r˙2 − γ2φ˙2 − α2z˙2
)
, (7.22)
where t˙ ≡ dt/ds, etc., with s being the affine parameter.
Hence, the geodesic motions along z- and r-axes are given
by [258],
z˙ = Pze
x2 , (7.23)
x˙2 = a2ex
2
[V0 − V (x)] , (7.24)
where x ≡ √2 r, and
V (x) ≡ E2x2 + P 2z ex
2
+
(
a2 + Λ
)2
a2x2
P 2φ
−
Λ
(
1− e−x2
)
a2x2
(
E2 − − P 2z ex
2
)
, (7.25)
V0 ≡ E2 − − 2EPφ a
2 + Λ
a
, (7.26)
where  = 0, 1,−1, respectively for null, timelike and
spacelike geodesics, and E, pφ and Pz are the constants
of motion, defined by
E ≡ ∂L
∂t˙
, Pz ≡ ∂L
∂z˙
, Pφ ≡ ∂L
∂φ˙
. (7.27)
It is interesting to note that V (x) takes the form,
V (x) ' E2x2 + P 2z
(
1 +
Λ
a2x2
)
ex
2
, (7.28)
as x  1. Thus, it is monotonically increasing when x
becomes sufficiently large. Since x˙2 ≥ 0, from (7.24) and
(7.28) we can see that there must exist a maximal value,
say, xmax, so that (7.24) has solution for x ≤ xmax. That
is, the geodesics are always confined inside a finite radius
r ≤ rmax ≡ xmax/
√
2. However, the motion along the
symmetry axis is free, as it can be seen from (7.23).
The above properties were noticed when studying the
Go¨del space-time, independently by Kundt [211] and
Chandrasekhar and Wright [97], and later by Opher, San-
tos and Wang [253] in the study of the van Stockum
solution [308]. Combining these studies with the ones
carried out above, as well as the ones carried out in the
Kerr spacetime [154–157, 255], one can see that in ro-
tating spacetimes confinement occurs generically in the
radial direction, whereas the motion in the axial direc-
tion is free. Therefore, it is quite plausible to argue that
such confinements might provide a mechanism for extra-
galactic jet formation.
As a matter of fact, in [157] the kinematic behavior of
extragalactic jets was investigated. By numerical calcula-
tions, it was found that a transition from non-relativistic
to ultrarelativistic speeds at subparsec scales exists. This
transition comes sooner and more abruptly than in mod-
els based on magnetic paradigm, which indicates that
one needs a weaker magnetic field to explain observed
synchrotron radiation. This ejection phenomenon was
attributed to the repulsive effect of the gravitomagnetic
Kerr field.
VIII. CYLINDRICAL WORMHOLES
The possibility of unusual spacetime geometries was
noticed by researchers as soon as the gravitational
field was identified with curvature in Einstein’s theory.
Flamm [145] already in 1916 noticed that the spatial part
of Schwarzschild’s spacetime describes a kind of tunnel
between two flat asymptotic regions, a configuration now
called a wormhole after the suggestion of Wheeler [329]
who also introduced the concept of spacetime foam on
extremely small length scales. Nowadays, wormholes, al-
though not yet discovered in Nature or constructed ar-
tificially, are one of actively discussed subjects in grav-
itational physics both due to their properties of inter-
est (e.g., as possible distance shortcuts, time machines,
agents in quantum entanglements, etc.) and in connec-
tion with such fundamental issues as energy conditions
and topological censorship [147, 148, 242, 310]. Possible
observable effects of wormholes in astronomy are studied
in a number of papers [69, 130, 175, 204], see also ref-
erences therein. More general reviews can be found in
[82, 223, 224, 310].
One of the main problems in wormhole physsics in GR
is the necessity of “exotic”, or phantom matter for worm-
hole existence, violating the Weak Energy Condition
(WEC) and its part, the Null Energy Condition (NEC),
at least near a wormhole throat (the narrowest place).
This result is known for a long time [224, 242, 322], at
least for static wormholes with compact throats of finite
area and for asymptotically flat spacetimes.[147].
In theories extending GR, it is possible to find worm-
hole solutions without exotic matter, replacing it with
geometric or field quantities that are absent in GR, e.g.,
in Einstein-Cartan theory [67, 191], theories involving
the Gauss-Bonnet invariant [74], multidimensional mod-
els [11, 75, 199, 227, 281], etc. However, if we adhere to
GR, which is justified by its excellent experimental sta-
tus, then a question of interest is whether or not it is
possible to obtain phantom-free wormholes by abandon-
ing some conditions of the firmly established theorems.
Meanwhile, asymptotic flatness is a necessary require-
ment if a wormhole is expected to be observable from
distant regions with small curvature.
Some phantom-free wormhole solutions in GR can be
recalled, beginning with Kerr’s metric with a large angu-
lar momentum and Zipoy’s static vacuum solution [346]
as well as their electromagnetic and scalar extensions
[71, 239], but all of them possess a naked ring singularity
that bounds a disk playing the role of a throat. There-
fore, despite their asymptotic flatness, they can hardly
be welcomed. Others [15, 89], being phantom-free, lack
asymptotic flatness. All such shortcomings may probably
be interpreted as signs of the topological censorship.
Cylindrical symmetry seems to be a way to avoid topo-
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logical censorship because, even assuming asymptotic
flatness in the radial (r) direction, we have no such flat-
ness in the longitudinal one, z, since at large |z| spacetime
at given r remains equally curved as it was at small r.
And, provided the system is t-independent (stationary),
the same is true for the null (z, t) direction. So, there is
hope to obtain phantom-free wormholes, asymptotically
flat in the radial direction.
Among numerous known cylindrical wormhole solu-
tions in GR (see, among others, [66, 70, 78–81] and ref-
erences therein) many are phantom-free but none are
asymptotically flat, for the same reason for which the
LC vacuum solution is only asymptotically flat if it is
completely flat, that is, only when the entire spacetime
is Minkowiski. To solve the problem, the following con-
struction was suggested [78]: a central wormhole region
with a throat, surrounded on both sides by Minkowski
regions, matched through thin cylindrical shells Σ− and
Σ+. These shells will possess nonzero densities and pres-
sures, their SETs being determined by jumps of the ex-
trinsic curvature according to the well-known Darmois-
Israel formalism. A phantom-free model will be obtained
if in the internal region and on the two surfaces all SETs
respect the WEC.
In this section we will describe the conditions on the
geometry and SETs of matter for obtaining static or sta-
tionary (rotating) cylindrically symmetric wormhole con-
figurations and present some particular configurations.
Among them are two examples of rotating phantom-free
wormhole models, asymptotically flat on both sides of
the throat.
A. Wormhole definitions and existence
conditions
We begin with the stationary cylindrically symmetric
metric
ds2 = e2γ(x)[dt− E(x) e−2γ(x) dϕ]2 − e2α(x)dx2
− e2µ(x)dz2 − e2β(x)dϕ2, (8.1)
where x, z ∈ R and ϕ ∈ [0, 2pi) are the radial, longitudi-
nal and angular coordinates. The coordinate x is speci-
fied up to a reparametrization x→ f(x), so its range de-
pends on both its choice (the “gauge”) and the geometry
itself. It differs from (6.1) in notations (f 7→ e2γ , k 7→ E,
µ 7→ 2µ, l 7→ e2β−E2 e−2γ) and in that we here preserve
gauge freedom whereas in (6.1) the gauge (in the present
notations) is chosen as α = µ. The quantity r = eβ has
the meaning of circular radius. The off-diagonal compo-
nent E corresponds to rotation, unless E e−2γ = const,
in which case one can make E = 0 by redefining (resyn-
chronizing) the time coordinate. If E = 0, the metric
(8.1) is static and coincides with (A.1).
The metric (8.1) is said to describe a wormhole if either
(i) the circular radius r(x) = eβ(x) has a regular mini-
mum (the corresponding surface x = const is called an
r-throat) and is large or infinite far from this minimum
or (ii) the same is true for the area function a(x) = eµ+β
(its minimum defines an a-throat) [78, 81]. For certainty,
we choose the definition connected with the radius r(x),
looking more evident: while moving to smaller r, we ap-
proach a would-be symmetry axis r = 0, but, instead,
reach a minimum of r and observe its subsequent growth,
paying no attention to what happens to the z scale.
Asymptotic flatness in some limit of x implies r →
∞, finite limits of γ, µ and E (thus no rotation) and
e−αr′ → 1 to provide a Euclidean shape of large circles.
It is clear that if a wormhole is asymptotically flat on
both extremes of the x range, it contains both r- and
a-throats.
In the static case, assuming the most general SET of
matter compatible with the symmetry,
T νµ = diag(ρ,−px,−pz,−pφ) (8.2)
and using the expressions (A.2) for the Ricci tensor com-
ponents, it is easy to show [81] that at an a-throat near
a minimum of eβ+µ one should inevitably have
ρ < px ≤ 0, (8.3)
which means the necessity of a negative density, violating
the WEC. Thus static, twice asymptotically flat worm-
holes are impossible. On the other hand, an r-throat only
implies
ρ− px − pz + pφ < 0, (8.4)
which does not necessarily violate the WEP. Though, if
pz = pφ (as, for example, in isotriopic fluids), (8.4) reads
ρ − px < 0, violating the dominant energy condition if
ρ > 0.
Thus in the static case we can have phantom-free
wormhole solutions in the above sense but without two-
side asymptotic flatness.
Apart from asymptotic flatness, other restrictions also
follow from combinations of (8.8), for example, the fol-
lowing no-go theorem [81]:
A static, cylindrically symmetric wormhole, mirror-
symmetric with respect to its throat, cannot exist in GR
with matter whose SET satisfies the conditions T 22 = T
3
3
and T 00 ≥ 0.
This concerns, in particular, isotropic fluids with any
equations of state and scalar fields Φ(x) with a vari-
ety of Lagrangians, such as Ls = (∂Φ)
2 − 2V (Φ) with
any potentials V and more general k-essences with Ls =
f(X,Φ) where X = (∂Φ)2 and f is an arbitrary function.
What changes if there is rotation? To make it clear,
we note that rotation in spacetime with the metric (8.1)
can be characterized by the angular velocity ω(x) of a
congruence of timelike curves defined as [78, 208, 209]
ω = 12 (E e
−2γ)′ eγ−β−α, (8.5)
where a prime stands for d/dx. Furthermore, in our
reference frame is comoving with matter in its rota-
tion, then the SET component T 30 = 0, hence (due to
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Einstein’s equations) the Ricci tensor component R30 ∼
(ω e2γ+µ)′ = 0, and [78]
ω = ω0 e
−µ−2γ , ω0 = const. (8.6)
Consequently, from (8.5) we find,
E(x) = 2ω0 e
2γ(x)
∫
eα+β−µ−3γdx. (8.7)
The nontrivial components of Einstein’s equations in the
form Rνµ = κT˜ νµ = κ(T νµ − 12δνµT ) are
R00 = e
−2α [γ′′ + γ′(σ′ − α′)] + 2ω2 = κT˜ 00 ,
R11 = e
−2α [σ′′ + σ′2 − 2U − α′σ′]− 2ω2 = κT˜ 11 ,
R22 = e
−2α [µ′′ + µ′(σ′ − α′)] = κT˜ 22 ,
R33 = e
−2α [β′′ + β′(σ′ − α′)]− 2ω2 = κT˜ 33 ,
R03 = G
0
3 = E e
−2γ (R33 −R00) = κT˜ 03 , (8.8)
where we use the notations
σ = β + γ + µ, U = β′γ′ + β′µ′ + γ′µ′. (8.9)
From (8.8) it follows [78] that the diagonal compo-
nents of the Ricci (Rνµ) and Einstein (G
ν
µ) tensors split
into those for the static metric (8.1) with E = 0 plus
contributions involving ω:
Rνµ = sR
ν
µ + ωR
ν
µ, ωR
ν
µ = ω
2 diag(2,−2, 0,−2),
Gνµ = sG
ν
µ + ωG
ν
µ, ωG
ν
µ = ω
2 diag(3,−1, 1,−1),
(8.10)
where sR
ν
µ and sG
ν
µ are the static parts (see (A.2)). The
tensors sG
ν
µ and ωG
ν
µ (each separately) obey the con-
servation law ∇αGαµ = 0 in terms of the static metric.
Therefore, ωG
ν
µ/κ behaves as one more SET with exotic
properties (the effective energy density is −3ω2/κ < 0)
that favors the existence of wormholes, as confirmed by
a number of examples [78, 79, 209].
By (8.8), if the diagonal components of Einstein’s
equations are solved, their only off-diagonal component
is automatically fulfilled.
B. Examples of static wormholes
A number of such examples are presented in [81]. Let
us here mention two of them. The first is with an az-
imuthal magnetic field, see (3.24), (3.25) in the case
b > k. The solution is neither asymptotically flat nor
regular, with the magnetic induction B and curvature
invariants blowing up as u→ −∞.
Wormhole solutions have also been obtained with non-
linear electromagnetic fields with Lagrangians Le =
L(F ), F = FµνF
µν [83]. Their properties can be more
diverse, but there are restrictions following from the field
equations. For example, a flat asymptotic region can ap-
pear only on one side of the throat and, moreover, only at
the expense of a non-Maxwell behavior of L(F ) at small
F [83].
Another example concerns a massless scalar field Φ
with the Lagrangian Ls = εg
µνΦ,µΦ,ν in the presence
of a cosmological constant Λ = −3λ2 < 0 (λ > 0), where
ε = 1 corresponds to a canonical scalar and ε = −1 to
a phantom one. Then the field equations for the metric
(8.1) with E = 0, in the harmonic gauge α = β + γ + µ,
have the family of solutions [81]
Φ = Cx, γ =
1
3
α−Ax,
β =
1
3
α+Ax+Bx, µ =
1
3
α−Bx,
e−α =

(λ/h) sinh(hx), h > 0,
λx, h = 0,
(λ/h) sin(hx), h < 0,
(8.11)
where A,B,C, h are integration constants related by
h2 signh = 3(A2 +AB +B2) + 3εκC2. (8.12)
Among them, wormhole solutions are those where
β(x) → ∞ on both ends of the range of x. Assuming
x > 0, we see that as u → 0 we have β → ∞ for any
values of the constants. Let us look when β → ∞ at
large x
With a normal scalar field, ε = 1, we have h > 0, C 6=
0, x ∈ R+, and α ≈ −hx ⇒ 3β ≈ (3A + 3B − h)x,
and we obtain a wormhole if A + B > h/3. The metric
can be written as
ds2 = Y
(
e−2Bxdt2 − Y 2dx2 − e−2Axdz2
− e2Ax+2Bxdφ2
)
, Y :=
(
h
λ sinh(hx)
)2/3
.(8.13)
Other wormhole solutions are obtained with h ≤ 0.
Thus, if h < 0, then x ∈ (0, pi/|h|), and all metric func-
tions α, β, γ, µ, being governed by sin(|h|x), tend to in-
finity on both ends of this range, where repulsive singu-
larities occur.
Among these solutions, there is a symmetric subfamily:
it corresponds to ε = −1, C 6= 0, A = B = 0, h < 0.
In accord with the above said, it has negative energy
density, T 00 = −Φ′2 e−2α+Λ/κ. In terms of the Gaussian
coordinate l = (1/λ) log tan(hx/2) (l ∈ R is a length
in the radial direction), the metric in this case can be
written as
ds2 = −dl2 +
( |h|
λ
cosh
l
λ
)2/3
(dt2 − dz2 − dφ2). (8.14)
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C. Examples of rotating wormholes
Assuming E 6= 0 and ω 6= 0, we return to (8.6)–(8.8)
and see, in particular, that (8.6) is incompatible with
asymptotic flatness since finite values of γ(x) and µ(x)
imply finite ω. Accordingly, among numerous known ro-
tating cylindrical wormhole solutions, none are asymp-
totically flat, and to obtain configurations potentially ob-
servable by astronomers, one has to use matching with
external regions on some surfaces Σ± as described above.
Furthermore, in a phantom-free model, all involved
SETs should respect the WEC, and it is a separate chal-
lenge to find such solutions. For example, it has been
shown [66, 78] that a construction with two external
Minkowski regions around a wormhole region does not
lead to phantom-free models: the SET on at least one
of the shells Σ± violates the WEC, if the SET of mat-
ter filling the internal wormhole region has the property
T 00 = T
3
3 . This no-go theorem [66] was proved by ana-
lyzing the matching conditions using the solution of the
equation R00 = R
3
3. Therefore neither of wormhole so-
lutions known for scalar fields (including those with ex-
ponential and other potentials [79]) are suitable for our
purpose.
1. Weak energy condition on a junction surface
In the following, we will present two examples of mod-
els that solve the problem designated above. But before
that we formulate a convenient criterion of WEC fulfill-
ment on a junction cylinder Σ (x = xs) separating two
regions D− (x ≤ xs) and D+ (x ≥ xs) with two different
metrics of the form (8.1). The metric on Σ should be the
same when looking from D− or D+, therefore
[β] = 0, [µ] = 0, [γ] = 0, [E] = 0, (8.15)
where, for any f(x), [f ] = f(xs + 0) − f(xs − 0). The
coordinates t, z, φ are identified in the whole space, while
the radial coordinates in D+ and D− may be different
since all quantities involved in the matching conditions
are insensitive to this choice.
The material content of Σ is found using the Darmois-
Israel formalism [28, 194] in terms of discontinuities of
the extrinsic curvature of Σ.
Sba = (8piG)
−1[K˜ba], K˜
b
a := K
b
a − δbaKcc , (8.16)
where a, b, c = 0, 2, 3, and Kab =
1
2 e
−αg′ab. The question
is whether Sba satisfies the WEC requirements
S00/g00 = σs ≥ 0, Sabξaξb ≥ 0, (8.17)
where σs is the surface energy density and ξ
a an arbi-
trary null vector on Σ. The second inequality makes the
content of the NEC as a part of the WEC, and taken
together, they provide σs ≥ 0 in any reference frame on
Σ.
The condition σs ≥ 0 is easily found and reads
[ e−α(β′ + µ′)] ≤ 0. (8.18)
The radial coordinates x can be chosen in different ways
in D+ and D−, and the prime denotes a coordinate deriva-
tive defined for each region separately.
The NEC should hold for any null vector ξa on Σ.
However, instead of directly verifying this, we can note
that the WEC holds if in a comoving reference frame the
density σs and the pressures pi in all directions satisfy
the inequalities
σs ≥ 0, σs + pi ≥ 0. (8.19)
A difficulty is that Σ is in general not described in a
comoving frame, but the needed quantities can be found
as eigenvalues of Sab written in an orthonormal frame. In
this way we obtain the following WEC criterion [70, 80]:
a ≥ 0, a+ c ≥ 0,
a+ c+
√
(a− c)2 + 4d2 + 2b ≥ 0, (8.20)
where
a = −[ e−α(β′ + µ′)] b = [ e−α(β′ + γ′)],
c = [ e−α(γ′ + µ′)], d = −[ω] (8.21)
2. Minkowski regions
If we place Minkowski regions M± around “internal”
rotating wormhole regions, we must take the Minkowski
metric in a rotating reference frame. To do so, in the
inertial-frame metric ds2M = dt
2−dX2−dz2−X2dϕ2 we
substitute ϕ→ ϕ+Ωt (Ω = const is the angular velocity)
to obtain
ds2M = dt
2 − dX2 − dz2 −X2(dϕ+ Ωdt)2. (8.22)
The relevant quantities in the notations of (8.1) are
eα = eµ = 1, e2γ = 1− Ω2X2, e2β = X
2
1− Ω2X2 ,
E = ΩX2, ω =
Ω
1− Ω2X2 .
γ′ = − Ω
X
1− Ω2X2 , β
′ =
1
X
+
Ω2X
1− Ω2X2 . (8.23)
This metric is stationary and suitable for matching if
|X| < 1/|Ω|, so that the linear rotational velocity is
smaller than c.
3. A model with stiff matter, p = ρ
The perfect fluid with p = ρ is a maximally stiff matter
compatible with causality, where the velocities of sound
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and light coincide. This circumstance makes easier find-
ing exact solutions, including wave and inhomogeneous
ones [65]; stiff matter also finds various applications in
cosmology, see, e.g., [56, 251] and references therein.
A rotating wormhole solution with such a fluid reads
[70]
ds2 =
(
Pdt− y
ω0
dϕ
)2
− dy
2
2ω20(k
2 + y2)
− dz2
− (k2 + y2)dϕ
2
2ω20
, κρ0 = ω20 = const. (8.24)
The solution contains an arbitrary time scale factor P >
0 and integration constants k and ω0. It is regular in the
whole range y ∈ R, but at y2 > k2 it has g33 > 0, so that
ϕ-circles are CTCs.
Consider matching with the Minkowski metric (8.22)
on Σ+ (y = y0 > 0, X = X0 > 0). The matching
conditions yield
P 2 = 1− Ω2X2, ΩX2 = Py
ω0
,
k2 + y2
2ω20
=
X2
P 2
,
(8.25)
where the index “zero” near X and y is omitted with-
out risk of confusion. We have six system parameters:
four (P, k, ω0, y) from the internal metric (8.24) and two
(Ω, X) from the external one. Choosing three of them
as independent ones: X = X0 (having the dimension of
length), y = y0 and P , we obtain from (8.25)
Ω =
√
1− P 2
X
, ω0 =
Py√
1− P 2X , k
2 = y2
1 + P 2
1− P 2 .
(8.26)
As a result, the quantities a, b, c, d from (8.21) are ex-
pressed as
a =
P 3y − 1
P 2X
, b =
1− Py
X
,
c =
P 2 − 1
P 2X
, d =
Py − 1 + P 2
P 2X
√
1− P 2 . (8.27)
The factor 1/X is common and irrelevant for the inequal-
ities of interest. An inspection shows that under the con-
dition
y ≥ 2− P
2
P 3
(8.28)
the inequalities (8.20) are satisfied.
What changes on Σ− specified by X = −X0 < 0 and
y = −y0 < 0? The common factor 1/X becomes neg-
ative. But the signs of all discontinuities also change:
while on Σ+ we had [f ] = fout − fin for any f , on Σ−
we have the opposite. Therefore, the WEC requirements
do not change and hold with (8.28) applied to |y| instead
of y. Thus we have obtained a completely phantom-free
wormhole model.
We also notice that (8.26) implies y20 < k
2, hence y2 <
k2 in the whole internal region, and there are no CTCs.
4. A model with an anisotropic fluid
One more model was obtained in [80] with the SET
T νµ = ρdiag(1,−1, 1,−1) ⊕ T 03 = −2ρE e−2γ , (8.29)
describing an anisotropic fluid chosen by analogy with
that of a longitudinal magnetic field in the static case
(see Section 3), which cannot be directly extended to
involve rotation. (A full description of the anisotropic
fluid formalism in the metric (8.1) may be found, e.g., in
[127].)
The solution, in the gauge α = β+ γ+µ, is written as
ρ = ρ0 e
−2γ−2µ, ρ0 = const > 0,
r2 ≡ e2β = r
2
0
Q2(x20 − x2)
, e2γ = Q2(x20 − x2),
e2µ = (x0 − x)1−x/x0(x0 + x)1+x/x0 ,
E =
r0
2x20
[
2x0x+ (x
2
0 − x2) ln
x0 + x
x0 − x
]
,
x0 :=
|ω0|
κρ0r0
, Q2 := κρ0r20, (8.30)
The solution contains integration constants ω0, ρ0 and
r0, and dimensionless constants x0 and Q introduced for
convenience. The coordinate x ranges from −x0 to x0.
Since r → ∞ as x → ±x0, it is a wormhole solution, it
is symmetric with respect to the throat x = 0. However,
the extremes x = ±x0 are curvature singularities, with
the Kretschmann invariant ∼ |x0 − x|−4.
To construct an asymptotically flat configuration, we
join it at some x = ±xs < x0 to Minkowski regions at
X = ±Xs and obtain
X = r0, Q
2(x20 − x2) = 1− Ω2X2 =: P 2,
2x20
√
1− P 2 = 2xx0 + (x20 − x2) ln
x0 + x
x0 − x, (8.31)
where the index s near x is omitted. To satisfy [µ] = 0,
we change the z scale in M±, obtaining −gzz = M2 :=
e2µ(xs) taken from the internal metric.
It is convenient to use the ratio y = xs/x0 and to
introduce the notation L = L(y) = ln[(1 + y)/(1 − y)].
So we have
M = M(y) =
(
1− y)−(1−y)/2(1 + y)−(1+y)/2,
P 2(y) = (1− y2)
[
1− yL(y)− 1
4
(1− y2)L2(y)
]
. (8.32)
Calculation of the quantities a, b, c, d used in the WEC
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requirements (8.20) on Σ± gives
a = − 1
P 2(y)
+
M(y)
x20
(
y
1− y2 +
1
2
L(y)
)
,
b = 1,
c = − 1
P 2(y)
+ 1 +
M(y)
x20
(
y
1− y2 −
1
2
L(y)
)
,
± d = −
√
1− P 2(y)
P 2(y)
+
M(y)
x20(1− y2)
, (8.33)
where the insignificant factor 1/r0 at each of them has
been ignored.
The expressions for a, b, c and d2 depend on two pa-
rameters, x0 and y, and coincide on Σ+ and Σ−, hence
the conditions (8.20) for the two surfaces also coincide.
A numerical analysis shows that [80]:
• The condition 0 < P 2(y) < 1, required by construction,
holds for 0 < y . 0.564;
• The conditions a > 0 and a > c hold in a signifi-
cant range of x0 and y, for example, for x0 = 0.5, y ∈
(0.15, 0.47) and for x0 = 0.3, y ∈ (0.05, 0.53).
• The condition a+ c > 0 also holds in a ccertain range
of the parameters, e.g, for x0 = 0.5, y ∈ (0.15, 0.38) and
for x0 = 0.3, y ∈ (0.05, 0.51).
Thus in the parameter space (x0, y) there is a signif-
icant range in which this asymptotically flat wormhole
model completely satisfies the WEC. One can also verify
that g33 < 0 in the internal region between Σ− and Σ+,
hence the model does not contain CTCs.
This section demonstrates the possible existence of
cylindrical wormholes asymptotically flat on both sides
of the throat without WEC violation. It should be noted
that the study of such systems is at an early stage, and
many questions are yet to be answered, including, above
all, possible observational signatures of such objects if
they can really exist.
In conclusion, we would like to mention that cylindrical
thin shells in many studies were used not as auxiliary
objects needed to reach asymptotic regions but as the
main sources of gravity in wormhole solutions, see [138,
146, 277] and references therein.
IX. GRAVITATIONAL COLLAPSE AND
EMISSION OF GRAVITATIONAL WAVES
Gravitational collapse of a realistic body has been one
of the most important problems in Einstein’s theory, and
due to the complexity of Einstein’s field equations, the
problem even in simple cases, such as, spacetimes with
spherical symmetry, is still not well understood, and new
phenomena keep emerging [198]. Particularly, in 1991
Shapiro and Teukolsky studied numerically the problem
of a dust spheroid, and found that only if the spheroid is
compact enough, a black hole can be formed [282, 283].
Otherwise, the collapse most likely ends with a naked sin-
gularity. Soon, Barrabe´s, Israel and Letelier constructed
an analytical model of a collapsing convex thin shell
and found that in certain cases no apparent horizons are
formed, too [21]. Similar results were also found in more
general cases [22]. However, since in all the cases con-
sidered by them, the external gravitational field of the
collapsing spheroid/shell is not known, one cannot ex-
clude the formation of an event horizon outside of the
spheroid/shell.
In addition, Wald and Iyer proved that even in the
Schwarzschild spacetime there exists a family of Cauchy
surfaces, which come arbitrarily close to the black-hole
singularity at the center, but are such that there do not
exist any trapped surfaces lying within the past of any of
these Cauchy surfaces [312]. Then, they argued that, in
any spherically symmetric spacetime describing gravita-
tional collapse to a Schwarzschild black hole, it should be
possible to choose a spaceiike slicing by Cauchy surfaces
which terminate when a singularity (outside the matter)
is reached, such that the region of the spacetime covered
by the slicing contains no outer trapped surfaces. As a
result, the evidence that no outer trapped surfaces exist
does not always mean that a naked singularity must be
resulted. In order to determine whether a black hole or
naked singularity occurs in the examples of Shapiro and
Teukolsky, it will be necessary to continue the evolution
of their spacetimes considerably further into the future.
To answer the above question, a simplified model was
considered analytically by Apostolatos and Thorne (AT),
that is, a cylindrical shell that is made of counter-rotating
particles, and AT showed that the centrifugal forces as-
sociated with an arbitrarily small amount of rotation, by
themselves, without the aid of any pressure, can halt the
collapse at some non-zero, minimum radius, and the shell
will then oscillate until it settles down at some final, finite
radius, whereby a spacetime singularity is prevented from
forming on the symmetry axis [12]. It should be noted
that AT considered only the case where the shell has zero
total angular momentum and is momentarily static and
radiation-free. In more realistic situations, the space-
time has neither cylindrical symmetry nor zero angular
momentum, and gravitational and particle radiations are
always expected to occur. In particular, when radiation
is taken into account, modeled by an outgoing radiation
fluid [216], Pereira and Wang found [261] that similar re-
sults to a rotating spheroid obtained in [283] also hold
for a collapsing cylindrical shell made of counterrotating
dust particles: in some cases the angular momentum of
the dust particles is strong enough to halt the collapse, so
that a spacetime singularity is prevented from forming,
while in other cases it is not, and a line-like spacetime
singularity is finally formed on the symmetry axis.
Recently, East revisited the same problem studied by
Shapiro and Teukolsky in [282, 283] but using different
coordinates, and found that the final state in all cases
studied is a black hole plus gravitational radiation [134].
Though initially distorted, the proper circumferences of
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the apparent horizons that are found do not significantly
exceed the hoop conjecture bound [302].
A. The Hoop conjecture and critical collapse
The studies of gravitational collapse with cylindrical
symmetry have been generalized to various cases, includ-
ing the collapse of cylindrical shells with or without finite
thickness [129, 135, 172, 187, 200, 201, 217, 244, 260, 287],
and matter fields filled the whole collapsing spacetimes
[61, 94–96, 150, 179, 212, 228, 243, 245–247, 250, 280,
284–286, 288, 332]. In particular, the general match-
ing conditions of two arbitrary ER spacetimes with a
thin shell were given in [260], and without a thin shell in
[129]. It is remarkable that in the latter the junction con-
ditions can be explicitly solved. In addition, in this case
for a collapsing shear free isotropic cylindrical fluid, only
a Robertson-Walker dust interior is possible, as shown in
[129].
All the results obtained so far are consistent with the
hoop conjecture [302]: black holes with horizons form
when and only when a mass M gets compacted into a
region whose circumference is C . 4piM in every direc-
tion 5.
In most of these studies, the spacetimes are described
by the KJEK metric (1.2). Then, the no-go theorem re-
garding the existence of black holes in cylindrical space-
times is applicable [319]. However, the naked singulari-
ties formed in cylindrical collapse may not be considered
as counterexamples of the cosmic censorship conjecture
(CCC) [257], as one can always argue that such space-
times are not realistic, while the CCC is often referred to
collapse of realistic matter [198]. Nevertheless, cylindri-
cal spacetimes can be used to understand other impor-
tant properties of realistic collapse, such as the role that
rotation can play, and the nonlinear interaction between
gravitational and matter fields.
Critical phenomena in gravitational collapse of cylin-
drically symmetric spacetimes are an example of such
kind of studies. In 1993, Choptuik studied the non-
linearity of the Einstein field equations near the threshold
of black hole formation and revealed very rich phenom-
ena [103], which are quite similar to critical phenom-
ena in Statistical Mechanics and Quantum Field The-
ory [19, 162]. In particular, by numerically studying the
gravitational collapse of a massless scalar field in 3 + 1-
dimensional spherically symmetric spacetimes, Choptuik
found that the mass of such formed black holes takes the
form,
MBH = C(p) (p− p∗)γ , (9.1)
5 It should be noted that the circumference of a given region is
not gauge-invariant, and a well-defined physical quantity of it is
still absent in the general case, although it is not a problem in
cylindrical spacetimes.
where C(p) is a constant and depends on the initial data,
and p parameterizes a family of initial data in such a
way that when p > p∗ black holes are formed, and when
p < p∗ no black holes are formed. It was shown that,
in contrast to C(p), the exponent γ is universal to all
the families of initial data studied, and was numerically
determined as γ ∼ 0.37. The solution with p = p∗, usu-
ally called the critical solution, is found also universal.
Moreover, for the massless scalar field it is periodic, too.
Universality of the critical solution and the exponent γ,
as well as the power-law scaling of the black hole mass all
have given rise to the name Critical Phenomena in Grav-
itational Collapse. Choptuik’s studies were soon gener-
alized to other matter fields, see, for example, the review
articles [173, 316] (For more recent studies of critical phe-
nomena, see, for example, [85, 174, 342], and references
therein.).
To understand the phenomena deeply, analytical stud-
ies have been put forwards [105, 151, 152, 190]. How-
ever, due to the nonlinearity of Einstein’s field equations,
even in spherically symmetric spacetimnes, the problem
is still too complicated to be studied analytically. In
2003, cylindrically symmetric spacetimes with homoth-
etic self-similarity were studied and a class of exact solu-
tions to the Einstein-massless scalar field equations was
found [317]. Among other things, from the analysis of
their linear perturbations, it was found that there exists
one solution that has one and only unstable mode. By
definition [173, 316], this is a critical solution that may
sit on a boundary that separates two different basins of
attraction in the phase space [see Fig.6].
Recently, a self-similar cylindrical scalar field with
non-minimal coupling was studied [106, 107], and a 2-
parameter family of solutions with a regular axis was
found, and their global structure was studied.
In addition, gravitational radiation from cosmic strings
and their instabilities were also studied in cylindrically
symmetric spacetimes [17, 23, 25, 27, 87, 164, 249, 323,
324].
B. Polarizations and Faraday rotation
As is well known, due to Birhkoff’s theorem [177], the
spherically symmetric vacuum spacetimes are uniquely
described by the Schwarzschild black hole solution, and
it is not possible to have gravitational radiation in such
spacetimes. So, one of the next simplest cases is space-
times with cylindrical symmetry. Studying cylindrical
GWs, Piran, Safier and Stark (PSS) first discovered that,
due to the nonlinear interaction between ingoing and out-
going cylindrical GWs, a phenomenon similar to the elec-
tromagnetic Faraday rotation exists, but now one GW
serves as the medium for the other, so the polarizations
of these waves get rotated [263, 264]. The spacetimes
considered by PSS are the ones described by the KJEK
metric (1.2) with W = r, which is possible when space-
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FIG. 6: The phase space of the dynamic system of the
Einstein-scalar field equations. The hypersurface S is the crit-
ical surface of co-dimension one, which separates the basin
of black holes from the basin of flat spacetimes. A generic
smooth family of initial data S[p] always passes the two basins
at the critical point p = p∗ on the critical hypersurface. All
the initial data on the hypersurface will collapse to the crit-
ical solution A∗, which is a fixed point on the hypersurface
when it has continuous self-similarity, and a fixed cycle when
it has discrete self-similarity. All details of initial data are
soon washed out during the collapsing process, and the col-
lapse with initial data near the critical point will be very
similar to the critical collapse. This similarity can last almost
to the fixed point A∗, whereby the one unstable mode sud-
denly draws the collapse either to form black hole or to a flat
spacetime, depending on whether p > p∗ or p < p∗ [316]. The
bottom bold horizontal line containing the point A∗ denotes
the final states of the initial data S[p].
times are vacuum,
ds2 = e2(γ−ψ)
(
dt2 − dr2)−e2ψ (dz + ωdφ)2−r2e−2ψdφ2.
(9.2)
Introducing the quantities,
I+ ≡ 2 (ψ,t + ψ,r) , O+ ≡ 2 (ψ,t − ψ,r) ,
I× ≡ e
2ψ
r
(ω,t + ω,r) , O× ≡ e
2ψ
r
(ω,t − ω,r) , (9.3)
PSS interpreted I+, I× and O+, O× as representing in-
going and outgoing cylindrical GWs, respectively. The
indices + and × denote the two independent polariza-
tions. With the boundary conditions at the symmetry
axis (r = 0), I+ = O+, I× = −O×, PSS found nu-
merically that the propagation of these waves displays a
reflection of ingoing to outgoing waves (and vice versa),
in combination of a rotation of the polarization vector
between the + and × modes.
Note that the definition of the + and × modes given in
(9.3) is coordinate-dependent, and the polarizations are
defined with respect to the chosen coordinates. In [313,
314], a coordinate-independent definition was given for
plane GWs. However, the difference between metric (9.2)
FIG. 7: (a) A null geodesic congruence meets the SO plane
in the circle S. Because of the force generated by the Ψ0
GW component, the image of the circle S on the SP plane
is a deformed into an ellipse [314]. (b) When a matter wave
passes through the circle S located on the SO plane, its image
on the SP plane is a uniformly-contracted circle, due to the
attractive forces of matter. (c) When a Ψ0 GW with only
the “+” polarization passes through the circle S, its image
is distorted into an ellipse with its major axis along the e2-
direction. (d) When a Ψ0 GW with only the “×” polarization
passes through the circle S, its image is distorted into an
ellipse but now with its major axis along the direction with
450 with respect to the e2-direction.
and plane symmetric spacetimes only lies in the existence
of a symmetry axis and the closed orbit of the Killing
vector ξ = ∂φ. Therefore, it can be easily generalized
to the current case. In the following, we shall give a
brief outline, and for details we refer readers to [313,
314]. Let us first introduce two null coordinates u ≡
(t+ r)/
√
2, v ≡ (t− r)/√2, so the metric (1.2) takes the
form,
ds2 = 2e−Mdudv − e−U
[
eV coshWdφ2
−2 sinhWdφdz + e−V coshWdz2
]
, (9.4)
where
ψ = −1
2
(U + V − ln coshW) ,
γ = −1
2
(M + U + V − ln coshW) ,
ω = −eV tanhW, W = e−U cosh
1/2W
sinhW . (9.5)
Introducing a null tetrad (lµ, nµ, mµ, m¯µ) [248], via the
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relations,
lµ = Bδµv , n
µ = Aδµu ,
mµ = ζ2δµ2 + ζ
3δµ3 , m¯
µ = ζ2δµ2 + ζ
3δµ3 ,
ζ2 =
e(U−V )/2√
2
(
cosh
W
2
+ i sinh
W
2
)
,
ζ3 =
e(U+V )/2√
2
(
sinh
W
2
+ i cosh
W
2
)
, (9.6)
M = ln(AB), one can show that each of the two null
vectors lµ and nµ defines a null geodesic congruence,
lν∇ν lµ = −B(lnA),vlµ, nν∇νnµ = A(lnB),unµ.
(9.7)
Thus, when A = 1 (B = 1) the null geodesics defined by
lν (nµ) are affinely parameterized.
Without loss of generality, let us first consider the null
geodesics defined by lν . Let ηµ be the deviation vector
between two neighbor geodesics and ην lν = 0. Then, it
can be shown that the geodesic deviation is given by
D2ηµ
Dλ2
= −Rµ νλρlnulρηλ
= −eM
[
Φ00e
µν
o − 2Re (Ψ0) eµν+
−2Im (Ψ0) eµν×
]
ην , (9.8)
where Re (Ψ0) (Im (Ψ0)) denotes the real (imaginary)
part of Ψ0 (≡ −Cµνλρlµmν lλmρ), 2Φ00 ≡ −Rµν lµlν
[248], and
eµνo ≡ eµ2eν2 + eµ3eν3 , eµν+ ≡ eµ2eν2 − eµ3eν3 ,
eµν× ≡ eµ2eν3 + eµ3eν2 , (9.9)
with e2 ≡ (m+ m¯)/
√
2, e3 ≡ −i(m− m¯)/
√
2. The Weyl
scalar Ψ0 is interpreted as representing the transverse
GW component propagating alone the nν direction [298,
314].
For physically realistic matter, we have Φ00 ≥ 0 [177].
Equation (9.8) allows the following physical interpreta-
tion. Let S0 and SP be infinitesimal 2-dimensional ele-
ments spanned by the two spacelike vectors e2 and e3,
and orthogonal to a null geodesic C at neighbor points
O and P of C, and let S be an infinitesimal circle with
center O, lying in S0 [see Fig.7]. Suppose that a beam of
light rays meets S0 in the circle S, then let us observe the
image of these light rays on SP . The first term on the
right-hand side of (9.8) shows that matter fields always
make the circle S contracted [see Fig.7 (b)]. The second
term, corresponding to the contribution of the real part
of Ψ0, makes the circle elliptic with the main major axis
along e2 [see Fig.7 (c)]. The last term on the right-hand
side of (9.8), corresponding to the contribution of the
imaginary part of Ψ0, makes the circle also elliptic but
with the main major axis tilted at 45 to e2 and e3 [see
Fig.7 (d)]. Thus, the image of these light rays on SP is
an ellipse. Making the rotation in the (e2, e3)-plane with
an angle ϕ0 defined by
tan 2ϕ0 = − Im (Ψ0)
Re (Ψ0)
, (9.10)
and then in terms of (e′2, e
′
3), (9.8) takes the form,
D2ηµ
Dλ2
= −Rµ νλρlnulρηλ
= −eM
[
Φ00e
′µν
o − 2
(
Ψ0Ψ0
)1/2
e′µν+
]
ην . (9.11)
It follows that the main major axis of the ellipse is along
e′2-direction. We call e
′
2 the direction of the polarization
of the Ψ0 wave. The angle ϕ0 is the polarization an-
gle of this wave component with respect to the (e2, e3)-
basis. The relative accelerations of neighboring geodesics
are proportional to
(
Ψ0Ψ0
)1/2
, which does not relate to
any observer. Thus,
(
Ψ0Ψ0
)1/2
represents the absolute
strength of the relative accelerations of neighboring rays.
Similarly, we can consider the geodesic deviation of the
null congruence defined by nµ, and the geodesic deviation
will take the form,
D2ηµ
Dλ2
= −Rµ νλρnνnρηλ
= −eM [Φ22eµνo − 2Re (Ψ4) eµν+
+ 2Im (Ψ4) e
µν
×
]
ην , (9.12)
where Ψ4 ≡ −Cµνλρnµm¯νnλm¯ρ, and 2Φ22 ≡ −Rµνnµnν
[248]. The Weyl scalar Ψ4 is interpreted as representing
the transverse GW component propagating alone the lν
direction [298, 314]. Rotating the basis (e2, e3) now with
an angle,
tan 2ϕ4 =
Im (Ψ4)
Re (Ψ4)
, (9.13)
the geodesic deviation equation (9.12) takes a similar
form of (9.11). Thus, the angle ϕ4 denotes the polar-
ization angle of the ψ4 wave component with respect to
the (e2, e3)-basis.
It is important to note that the basis (e2, e3) defined
above is not parallel-transported (freely falling) along
the null geodesic congruence. As a result, the angles
ϕ0 and ϕ4 defined above have physical meaning only lo-
cally. Thus, in order to compare the polarizations of a
given GW at different locations along the wave path, we
need to find a parallel-transported basis, and then define
the polarization angle with respective to this parallel-
transported basis. In [314], it was shown that if (e2, e3)
is rotated by an angle ϕ
(0)
0 ,
2ϕ
(0)
0,u − sinhWV,u = 0, (9.14)
the resulted basis is parallel-transported along the path
of the Ψ0 wave. Thus, the angle
θ0 ≡ ϕ0 − ϕ(0)0 , (9.15)
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determines the polarization direction of the Ψ0 wave with
respect to this parallel-transported basis. Similarly, the
angle
θ4 ≡ ϕ4 − ϕ(0)4 , (9.16)
determines the polarization direction of the Ψ4 wave with
respect to the parallel-transported basis along the path
of the Ψ4 wave, where
2ϕ
(0)
4,v − sinhWV,v = 0. (9.17)
Note that in the derivations of the polarizations of the
cylindrical GWs, we used the null geodesic deviations.
One can equally use timelike geodesic deviations as done
in [313] (See also [298] for the general case), and the same
results will be obtained, as it is expected.
Moreover, for the rotating cylindrical GWs described
by metric (1.3), choosing the null tetrad
lµ =
eψ−γ√
2 A
(1, 1, 0,−ω) ,
nµ =
Aeψ−γ√
2
(1,−1, 0,−ω) ,
mµ =
1√
2
(
0, 0, e−ψ, i
eψ
W
)
,
m¯µ =
1√
2
(
0, 0, e−ψ,−ie
ψ
W
)
, (9.18)
Pereira and Wang studied the polarizations of the rotat-
ing GWs, and found that the geodesic deviation equation
(9.8) is replaced by [259],
D2ηµ
Dλ2
= −Rµναβlν lβηα =
[
Φ00e
µν
o + Ψ0e
µν
+
+i (Ψ1 + Φ01) e
µν
03 + i (Ψ1 + Φ01) e
µν
13 ] ην ,
(9.19)
where Ψ1 ≡ −Cµνλρlµnν lλmρ, and 2Φ01 ≡
(Rµν −Rgµν/4) lµmν [259], A = eγ−ψ,
eµν03 ≡ eµ0eν3 + eµ3eν0 , eµν13 ≡ eµ1eν3 + eµ3eν1 ,
eµ0 ≡
lµ + nµ√
2
, eµ1 ≡
lµ − nµ√
2
, (9.20)
and e2, e3 and e
µν
+ are as defined above. It is remarkable
to note that now the Ψ0 wave has only one polarization,
the “+” mode, along e2 direction, and the “×” mode now
is absent.
To see the physical interpretation of the last two terms,
let us consider a tube along the null geodesic C. Con-
sider a sphere consisting of photons, which will cut SO in
the circle S with the point O as its center, as shown in
Fig.8. Then, the last term in (9.19) will make the image
of the sphere at the point P as a spheroid with the main
major axis along a line at 450 with respect to eµ1 in the
plane spanned by eµ1 and e
µ
3 , while the rays are left un-
deflected in the eµ2 -direction. This can be seen clearly by
FIG. 8: A spherical ball consisting of photons cuts SO in the
circle S with the point O as its center. The image of the ball
at the point P is turned into a spheroid with the main major
axis along a line at 450 with respect to e1 in the plane spanned
by e1 and e3 because of the interaction of Ψ1 and Φ01, while
the rays are left undeflected in the e2-direction [259].
performing a rotation in the plane spanned by eµ1 and e
µ
3 ,
eµ1 = cosαe
′µ
1 − sinαe′µ3 , eµ3 = sinαe′µ1 + cosαe′µ3 , which
leads to
eµν13 = sin(2α)(e
′µ
1e
′ν
1 − e′µ3e′ν3)
+ cos(2α)(e′µ1e
′ν
3 + e
′µ
3e
′ν
1). (9.21)
Thus, choosing α = pi/4, we have eµν13 = e
′µ
1e
′ν
1 −
e′µ3e
′ν
3 , (α = pi/4). Combining it with (9.19), we can
see that the last term will make a circle in the (e′1, e′3)-
plane into an ellipse with its main major axis along the
e′1-axis, which is at 450 with respect to the e1-axis [cf.
Fig.8].
Similar physical interpretation can be given to the sec-
ond term, but note that e0 defined by (9.20) now is time-
like.
It should be noted that in the case of timelike geodesics
the Ψ1 term deflects the sphere into an ellipsoid [298].
Moreover, the second term in (9.19) is absent in the time-
like geodesic case. The effect of this term will make a
clock “flying” with the photons slow down, in addition
to the effect of deflecting the photons in the eµ3 -direction.
It is interesting to note that there is a fundamental dif-
ference between the time delay caused by this term and
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the one caused by a Lorentz boost. The latter, in partic-
ular, has no contribution to geodesic deviations, timelike
or null [259].
From the above analysis we can also see that for a pure
Petrov type N GW propagating along the null geodesic
congruence, in which only the component Ψ0 is differ-
ent from zero, the GW has only one polarization state,
similar to the KJEK metric (9.4) withW = 0. The differ-
ence between these two cases is that in the case W = 0,
the polarization angle remains the same even at different
points along the wave path for the KJEK metric (9.4),
while in the rotating case (1.3) with ω 6= 0, in general
this is no longer true. In fact, it is easy to show that
eµ2;ν l
ν = 0, eµ3;ν l
ν = −Weψ−χ ω,r
2
√
2
(eµ0 + e
µ
1 ) . (9.22)
Thus, for the spacetimes described by metric (1.3), al-
though eµ2 is parallel-transported along the null geodesic
congruence, eµ3 in general is not, and is rotating with re-
spect to a parallel-transported basis. Since the polariza-
tion angle of the Ψ0 wave remains the same with respect
to eµ3 , the polarization direction is also rotating with re-
spect to the parallel-transported basis.
Note that the effects of polarizations on the formation
of spacetime singularities were studied for plane GWs
[315], and one can generalize such studies to cylindrical
GWs, and similar results should be expected to hold here,
too.
X. CONCLUSIONS
With the beginning of the era of gravitational wave
astronomy [4], the strong gravitational field regime will
be soon explored observationally in various aspects. Such
theoretical studies can be carried out analytically and/or
numerically. In the former, due to the complexity of Ein-
stein’s field equations, symmetries of spacetimes are often
imposed, such as spherical, plane and cylindrical [294].
Although they are all ideal models, and in realistic situa-
tions any of these symmetries may not exist, they do pro-
vide attackable examples, from which some fundamental
issues of physics can be addressed. One of the typical
cases is the Schwarzschild solution, which plays the cen-
tral role in the studies of black hole physics. Another
case is the LC solution, discovered by LC in 1919 [218],
marked as the second exact solution to the Einstein’s
field equations discovered historically, and has been stud-
ied extensively in the past decades, in the efforts to un-
derstand the nonlinearity of Einstein’s theory.
In this article, we have first defined cylindrically sym-
metric spacetimes [92], and shown that the most general
form of the metric can be cast in the form (1.6) [311],
with the conditions (1.4) and (1.5) as the existence of a
symmetry axis. A spacetime without a symmetry axis is
referred to as a cyclically symmetric spacetime [20], as
the axis may be singular and so not part of the manifold,
or the topology of the manifold may be such that no axis
exists. Depending on additional assumptions, the metric
can reduce to the KJEK metric (1.2), the rotating MQ
metric (1.3), or the ER metric (1.11).
Then, we have provided a general review on the main
properties and possible sources of the LC solution (Sec.
2), when it is coupled with an electromagnetic field (Sec.
3), or with the cosmological constant (the LT solution,
Sec. 4), or with a perfect fluid (Sec. 5).
The Lewis vacuum solution is the generalization of the
static LC solution to the case with rotation, and has been
reviewed in Sec. 6. When it is coupled with a cosmolog-
ical constant, the solution was first studied by Lanczos
[213], then by Wright [331], Krasimski [207], Santos [275],
and Pereira, Santos and Wang [258], among many others.
One of the remarkable features is that the confinement
of particles near the symmetry axis. Such particles are
highly collimated and could provide an alternative mech-
anism for the formation of the observed extragalactic jets
[154, 155, 157, 253, 255, 258].
In Sec. 8, the studies of cylindrically symmetric worm-
holes have been reviewed, and various models have been
presented, while in Sec. 9, the gravitational collapse
of cylindrically symmetric sources has been summarized,
and particular attention has been paid to the understand-
ing of the Hoop conjecture [302] and critical phenomena
at the threshold of black hole formation [103]. In this sec-
tion, a gauge-invariant definition of the polarizations of
cylindrically symmetric gravitational waves has been also
given [313, 314], and the interesting features of gravita-
tional Faraday rotation [263, 264] of such waves have been
reviewed. Thus, now it would be extremely interesting
to find some observational effects from polarizations of
gravitational waves and gravitational Faraday rotation.
With the promise of increasing duration, observational
sensitivity and the number of detectors, many more grav-
itational wave events are expected to be detected. In par-
ticular, LISA [118] is expected to observe tens of thou-
sands of compact galactic binaries during its nominal four
year mission lifetime [113]. Then, the properties of the
strong field regime of gravitational fields will be explored
in various directions, including the (nonlinear) interac-
tion of gravitational waves and matter fields.
In addition to GWs produced by these putative
sources, another important target of GW experiments
is the stochastic gravitational wave background (SGWB)
of cosmological origin [112]. One of such cosmological
sources is the cosmic superstring network [91], which
emits GWs throughout the history of the Universe, and
generates a SGWB from the superposition of many un-
correlated sources, as mentioned in Introduction. Re-
cently, it was found that LISA will be able to detect such
a background with Gµ/c2 & O (10−17) [14], while cur-
rently the most stringent bounds come from pulsar tim-
ing arrays [38], which yield the upper bound Gµ/c2 .
O (10−11). On the other hand, depending on the string
network model, LIGO-Virgo observations could constrain
it to Gµ/c2 . O (10−14) [5, 6].
So far, cylindrical spacetimes have been studied mainly
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in the form of the KJEK metric (1.2). As shown in In-
troduction, this is only a particular case of the general
metric (1.6). So, a natural question is to which extent
the properties obtained so far hold in more general cases?
What are the generic features of Einstein’s theory of grav-
ity? which are independent of the symmetry assumed
but obtained from the studies of cylindrical spacetimes.
Which kind of guidelines can one draw for the future
observations of gravitational waves from such studies?
Therefore, despite of the fact that cylindrical spacetimes
have been extensively studied in the past several decades,
and various remarkable results were obtained, there are
still many important questions that are still waiting for
answers.
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Appendix A: Static cylindrical spacetimes
In this Appendix, we shall present some general state-
ments and relations about the static cylindrical space-
times.
The most general static metric admitting translational
symmetry along two mutually orthogonal axes has the
form [Cf. (1.11)],
ds2 = e2γ(u)dt2 − e2α(u)du2 − e2µ(u)dz2 − e2β(u)dφ2,
(A.1)
where u is an arbitrary admissible “radial” coordinate,
with a freedom of choosing it for one’s convenience. It is
important that the coordinates z and φ appear in (A.1)
(and hence in the field equations) on equal grounds and
admit different interpretations. Thus, assuming z ∈ R
and φ ∈ R, we obtain a symmetry called pseudoplanar,
being an extension of planar symmetry (the latter re-
quires additional isometry under rotations in the (z, φ)
plane). The assumption of both z ∈ S1 and φ ∈ S1 leads
to toroidal symmetry. We here choose to deal with cylin-
drical symmetry, assuming that z ∈ R is the longitudinal
coordinate, and φ ∈ S1 is the angular one.
Let us present for further calculations the nonzero com-
ponents of the Ricci tensor for the metric (A.1) without
specifying the choice of the coordinate u,
R00 = e
−2α [γ′′ + γ′(γ′ − α′ + β′ + µ′)] ,
R11 = e
−2α [γ′′ + µ′′ + β′′ + γ′2 + µ′2
+β′2 − α′(γ′ + µ′ + β′)] ,
R22 = e
−2α [µ′′ + µ′(γ′ − α′ + β′ + µ′)] ,
R33 = e
−2α [β′′ + β′(γ′ − α′ + β′ + µ′)] , (A.2)
where the prime denotes d/du, and the coordinates
are numbered according to the scheme (0, 1, 2, 3) =
(t, u, z, φ). It is also useful to write the component G11 of
the Einstein tensor Gνµ = R
ν
µ − 12δνµR that contains only
first-order derivatives:
G11 = − e−2α (γ′µ′ + β′γ′ + β′µ′) . (A.3)
The coordinate u can be chosen in different ways, de-
pending on the purpose of a study, convenience and taste,
and is usually fixed by some relation between the func-
tions α, β, γ, µ. For example, the LC solution in the pre-
vious section was written under the conditions α = µ [Cf.
(2.8)] and α = 0 [Cf. (2.14)].
However, the components Rνµ take the simplest form if
we choose the harmonic radial coordinate defined by the
condition,
α = β + γ + µ. (A.4)
Let us here, for illustration, show how the LC vacuum
solution is obtained using (A.4). The equations Rνµ = 0
then immediately lead to β′′ = γ′′ = µ′′ = 0, whence
β(u) = bu+ b0, γ(u) = cu+ c0, µ(u) = hu+h0, (A.5)
with six integration constants, among which b0, c0, h0
can be turned to zero by changing scales along the t and
z axes and by choosing the zero point of the u coordi-
nate. Moreover, the first-order equation G11 = 0 leads to
a relation between the remaining constants b, c, h:
bc+ bh+ ch = 0, (A.6)
hence there are precisely two significant constants, in ac-
cord with what was said previously. The metric takes the
form
ds2 = e2cudt2 − e2(b+c+h)udu2 − e2hudz2 − e2budφ2.
(A.7)
It is quite suitable for a further study, and its form (2.8),
preferred for historical reasons, is obtained from (A.7)
using (A.6) and the following relations and notations:
e(b+c)u = kρ, k = (b+ c)(b+c)/(b+c+h),
2σ = c/(b+ c), a2 = (b+ c)−2b/(b+c+h). (A.8)
This transformation is valid for b+c 6= 0 and also requires
some finite rescaling along the t and z axes.
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